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Outline

This talk is based on the joint works with M. Lein [LL22, LL24].
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Von Neumann algebras

Let H be a separable Hilbert space and S ⊆ L (H ). The commutant of
S is

S ′ := {T ∈ L (H ); ST = TS for all S ∈ S}.

We denote the bicommutant (S ′)′ by S ′′.

Definition

A von Neumann algebra is a unital ∗-subalgebra N of L (H ) such that
N ′′ = N .

The two most basic examples:

N = L (H ).

N = L∞(X ), where (X ,M, µ) is a σ-finite measure space.
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Traces

N+ := N ∩L (H )+.

Definition

A trace on N is a map τ : N+ → [0,+∞] satisfying

τ(c1S + c2T ) = c1τ(S) + c2τ(T ) ∀S ,T ∈ N+ ∀c1, c2 ∈ R+,

τ(USU∗) = τ(S) ∀S ∈ N+ ∀unitary elements U ∈ N .
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Traces

Definition

τ is called faithful if S ∈ N+ and τ(S) = 0 implies S = 0.

τ is called normal if for each increasing bounded net (Sα) ⊂ N+ such
that S := supα Sα ∈ N+, we have supα τ(Sα) = τ(S).

τ is called semifinite if for each projection P ∈ N , there exists an
increasing net of projections (Pα) ⊂ N such that τ(Pα) <∞ ∀α and
P = inf{Q ∈ N ; Q is a projection such that Pα ≤ Q ∀α}.
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Noncommutative Lp-spaces

Let τ be a faithful, normal, semifinite (f.n.s.) trace on N . We denote the
set of τ -measurable operators affiliated with N by M(N , τ). For each
1 ≤ p <∞ we define

Lp(N ) = Lp(N , τ) :=
{
T ∈M(N , τ); τ

(
|T |p

) 1
p <∞

}
.

The two most basic examples:

If N = L (H ), then the standard operator trace Tr is an f.n.s. trace
on L (H ). We have Lp(N ) = Lp, where Lp is the ideal of
Schatten p-class operators.

If N = L∞(X ), then
∫
dµ is an f.n.s. trace on L∞(X ). We have

Lp(N ) = Lp(X ).
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Canonical commutation relations

Phase space notations

Ξ = T ∗Rd = Rd × Rd∗ (the phase space)

Elements of Ξ will be denoted by X = (x , ξ), Y = (y , η), Z = (z , ζ)
with space components x , y , z ∈ Rd and momentum components
ξ, η, ζ ∈ Rd .

Ξ is endowed with the symplectic form σ(X ,Y ) := ξ · y − x · η.
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Canonical commutation relations

The canonical commutation relations (CCR),

−i[Qj ,Qk ] = 0, −i[Pj ,Pk ] = 0, −i[Qj ,Pk ] = εδjk .

can be equivalently reformulated in terms of the family of unitary
operators {w(X )}X∈Ξ, called the Weyl system.

w(X ) := e−iσ(X ,(Q,P)) = e−i(ξ·Q−x ·P).

We have

w(X )w(Y ) = e+i ε
2
σ(X ,Y )w(X + Y ).

{w(X ); X ∈ Ξ}′′ = L (L2(Rd)).
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The magnetic setting

Consider a charged particle moving in Rd subjected to the magnetic
field B. Pick a vector potential A so that B = dA.

Assume one of the following two assumptions on the magnetic field B
and associated vector potential A.

(PB) All components of B belong to C∞u,pol(Rd) and all components of A

belong to C∞pol(Rd).

(B) All components of B belong to C∞b (Rd) and all components of A
belong to C∞pol(Rd).

We introduce two small parameters [Le10], which are crucial for
asymptotic expansions arise in the study of semiclassical limits.:

The coupling of the charge to the magnetic field λ.
A semiclassical parameter ε.
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The magnetic Weyl system

In the magnetic setting, the building block observables are the
position operators Q = (Q1, . . . ,Qd) and the kinetic momentum
operators PA = (PA

1 , . . . ,P
A
d ) defined by

Qj f (x) := εxj f (x), PA
j f (x) := −i ∂f

∂xj
(x)− λAj(εx)f (x).

Q and PA satisfy the commutation relations:

−i[Qj ,Qk ] = 0, −i[PA
j ,P

A
k ] = ελBjk(Q), −i[Qj ,P

A
k ] = εδjk .
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The magnetic Weyl system

These relations can be encoded into the magnetic Weyl system
{wA(X )}X∈Ξ defined by

wA(X ) := e−iσ(X ,(Q,PA)) = e−i(ξ·Q−x ·P
A).

We have

wA(X )wA(Y ) = e+i ε
2
σ(X ,Y )ωB(Q; x , y)wA(X + Y ).

{wA(X ); X ∈ Ξ}′′ = L (L2(Rd)).
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Magnetic Weyl quantization

Definition (Magnetic Weyl quantization [MP04])

For all f ∈ S(Ξ) and magnetic fields satisfying (PB), we define

opA(f ) :=
1

(2π)d

∫
Ξ
dX (Fσf )(X )wA(X ).

Here Fσf is the symplectic Fourier transform of f defined by

(Fσf )(X ) :=
1

(2π)d

∫
Ξ
dX ′eiσ(X ,X ′)f (X ′).

Magnetic Weyl quantization inherits gauge-covariance from the magnetic
Weyl system.

opA+dχ(f ) = e+iλχ(Q) opA(f ) e−iλχ(Q).
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The magnetic Weyl product

Given f , g ∈ S(Ξ), we define

(f ?B g)(X ) :=
1

(2π)2d

∫
Ξ
dY

∫
Ξ
dZ e+iσ(X ,Y+Z) e+i ε

2
σ(Y ,Z)·

e−i
λ
ε

ΓB(〈x− ε
2

(y+z),x+ ε
2

(y−z),x+ ε
2

(y+z)〉) (Fσf )(Y ) (Fσg)(Z ).

Then we have opA(f ) opA(g) = opA(f ?B g).
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The magnetic Weyl product

The class of Hörmander symbols of order m ∈ R and type (ρ, δ) with
0 ≤ ρ ≤ δ ≤ 1 is the Fréchet space defined by

Sm
ρ,δ(Ξ) :=

{
f ∈ C∞(Ξ) | sup

X∈Ξ
〈ξ〉−m−|a|δ+|α|ρ ∣∣∂ax∂αξ f (X )

∣∣ <∞ ∀a, α ∈ Nd
0

}
.

Theorem ([IMP07])

Let m1,m2 ∈ R. For magnetic fields B satisfying (B) and 0 ≤ δ ≤ ρ ≤ 1,
the magnetic Weyl product ?B gives rise to a continuous bilinear map,

?B : Sm1
ρ,δ (Ξ)× Sm2

ρ,δ (Ξ) −→ Sm1+m2
ρ,δ (Ξ).
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L2-boundedness

Theorem ([IMP07])

Suppose that B satisfies (B) and f ∈ S0
ρ,δ(Ξ), 0 ≤ δ < ρ ≤ 1. Then

opA(f ) gives rise to a bounded linear operator from L2(Rd) to itself.
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Asymptotic expansion

Furthermore, we can asymptotically expand the product f ?B g in ε and λ:

Theorem ([Le10])

Let m1,m2 ∈ R and assume B satisfies (B), f ∈ Sm1
ρ,0(Ξ) and g ∈ Sm2

ρ,0(Ξ).
Then there is N ∈ N0 such that

f ?B g =
N∑

n=0

n∑
k=0

εnλk(f ?B g)(n,k) + R̃N ,

where (f ?B g)(n,k) ∈ S
m1+m2−(n+k)ρ
ρ,0 (Ξ), R̃N ∈ S

m1+m2−(N+1)ρ
ρ,0 (Ξ) and the

semi-norms of R̃N is sufficiently small.
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Motivation

Let H be a Hamiltonian affiliated to a von Neumann algebra N
endowed with a f.n.s. trace τ . In quantum mechanics, density
operators evolve according to the Liouville equation,

d

dt
ρ(t) = LH

(
ρ(t)

)
:= −i[H, ρ(t)], ρ(t0) ∈ L1(N ).

LH maps linear operators to linear operators; physicists refer to those
as super operators.
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Motivation

This kind of algebraic approach was useful in many cases, e.g.,

- systems from statistical mechanics in the thermodynamic limit [BR17].
- linear response theory [DL17].

Algebraic approach

- Makes the mathematical descriptions for various systems rigorous.
- But it involves technical assumptions on operators which seem difficult

to verify for concrete models.
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Motivation

Pseudodifferential theory

- The way of assigning functions (called symbols) to operators.
- Translates properties of symbols to associated pseudodifferential

operators.

We can put ρ(t) into the framework of pseudodifferential theory (the
magnetic Weyl calculus). But what about LH or other super
operators?

Goal

The goal of this talk is to introduce the newly constructed
pseudodifferential calculus for super operators, which is a natural
receptacle of LH and other relevant super operators.
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Magnetic pseudodifferential super operators

Ξ2 := Ξ× Ξ (the doubled phase space).

Elements of Ξ2 will be denoted by
X = (XL,XR),Y = (YL,YR),Z = (ZL,ZR). Here we follow the same
convention as before for variables in Ξ, e.g., XL = (xL, ξL) and
YR = (yR , ηR) with xL, yR ∈ Rd and ξL, ηR ∈ Rd∗.

We endow Ξ2 with the symplectic form Σ defined by

Σ(X,Y) := σ(XL,YL) + σ(XR ,YR).

The symplectic Fourier transform FΣF of a function F on Ξ2 is
defined by

(FΣ)(X) :=
1

(2π)2d

∫
Ξ2

dX′ e+iΣ(X,X′) F (X′).
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Magnetic pseudodifferential super operators

Given a function g ∈ S(Ξ), set ĝA := opA(g).

Definition (Magnetic Super Weyl System)

For X ∈ Ξ2, we define

W A(X) ĝA ≡W A(XL,XR) ĝA := wA(XL) ĝA wA(XR).

Definition (Magnetic Pseudodifferential Super Operator)

The magnetic pseudodifferential super operator OpA(F ) associated with a
function F ∈ S(Ξ2) is defined by

OpA(F ) ĝA :=
1

(2π)2d

∫
Ξ2

dX (FΣF )(X)W A(X) ĝA.
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Magnetic pseudodifferential super operators

If F is a function of the form F (X) = fL(XL)fR(XR), fL, fR ∈ S(Ξ), then
we get

OpA(F ) ĝA =
1

(2π)2d

∫
Ξ
dXL

∫
Ξ
dXR (FσfL)(XL) (FσfR)(XR)·

wA(XL) ĝA wA(XR)

= opA(fL) ĝA opA(fR).

Example: Lh(XL,XR) := −ih(XL) + ih(XR) is the symbol of the
Liouville super operator ĝA 7→ −i[ĥA, ĝA] = −iĥAĝA + iĝAĥA.
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The magnetic semi-super Weyl product

Given F ∈ S(Ξ2) and g ∈ S(Ξ), can OpA(F ) ĝA = OpA(F ) opA(g) be
seen as a magnetic Weyl pseudodifferential operator? If so, then what is
its symbol? Answer:

F •B g(X ) :=
1

(2π)3d

∫
Ξ2

dY

∫
Ξ
dZ e+iσ(X ,YL+YR+Z) e+i ε

2
σ(YL+Z ,YR+Z)·

e−iλΩB(x ,yL,yR ,z) (FΣF )(Y) (Fσg)(Z ).

Proposition (L.-Lein)

Assume B satisfies (PB). Then the following holds.

(1) F •B g ∈ S(Ξ) and OpA(F ) opA(g) = opA(F •B g).

(2) For the special case F (X) = fL(XL)fR(XR), fL, fR ∈ S(Ξ), the
semi-super product reduces to

F •B g = fL ?
B g ?B fR .
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The magnetic super Weyl product

Given F ,G ∈ S(Ξ2), can OpA(F )OpA(G ) be seen as a magnetic Weyl
pseudodifferential super operator? If so, then what is its symbol? Answer:

F ]BG (X) :=
1

(2π)4d

∫
Ξ2

dY

∫
Ξ2

dZ e+iΣ(X,Y+Z) e+i ε
2

Σ(r(Y),Z)·

e−iλγ
B(xL,yL,zL) e−iλγ

B(xR ,zR ,yR) (FΣF )(Y) (FΣG )(Z).

Here we have set r(Y) ≡ r(YL,YR) := (−YL,YR).

Proposition (L.-Lein)

Assume B satisfies (PB). Then we have F ]BG ∈ S(Ξ2) and
OpA(F )OpA(G ) = OpA(F ]BG ).
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Hörmander Double Symbol Classes

Definition (Hörmander super symbol classes SmL,mR

ρ,δ (Ξ2))

Let mL,mR ∈ R, 0 ≤ δ ≤ ρ ≤ 1 and δ < 1. SmL,mR
ρ,δ (Ξ2) is the Fréchet

space consists of functions F ∈ C∞(Ξ2) such that, for all
aL, aR , αL, αR ∈ Nd

0 , there exists CaLaRαLαR
> 0 such that, for all

X = (XL,XR) ∈ Ξ2, we have∣∣∣∂aLxL ∂αL
ξL
∂aRxR ∂

αR
ξR

F (X)
∣∣∣ ≤ CaLaRαLαR

〈ξL〉mL−|αL|ρ+|aL|δ 〈ξR〉mR−|αR |ρ+|aR |δ.
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Hörmander double symbol classes

Definition (Hörmander super symbol classes Sm
ρ,δ(Ξ2))

Let m ∈ R, 0 ≤ δ ≤ ρ ≤ 1 and δ < 1. Sm
ρ,δ(Ξ2) is the Fréchet space

consists of functions F ∈ C∞(Ξ2) such that, for all aL, aR , αL, αR ∈ Nd
0 ,

there exists CaLaRαLαR
> 0 such that, for all X = (XL,XR) ∈ Ξ2, we have∣∣∣∂aLxL ∂αL

ξL
∂aRxR ∂

αR
ξR

F (X)
∣∣∣ ≤ CaLaRαLαR

〈(ξL, ξR)〉m−(|αL|+|αR |)ρ+(|aL|+|aR |)δ.
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The semi-super product of Hörmander symbols

Using oscillatory integral techniques, we can prove the following result.
Here we assume B satisfies (B), 0 ≤ ρ ≤ 1 and 0 < ε, λ ≤ 1.

Proposition (L.-Lein)

The map (F , g) 7→ F •B g gives rise to continuous bilinear maps,

•B : Sm
ρ,0(Ξ2)× Sm′

ρ,0(Ξ) −→ Sm+m′

ρ,0 (Ξ)

•B : SmL,mR
ρ,0 (Ξ2)× Sm

ρ,0(Ξ) −→ Sm+mL+mR
ρ,0 (Ξ).
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The super product of Hörmander symbols

Again, by applying oscillatory integral techniques, we get the following
results. We assume B satisfies (B), 0 ≤ ρ ≤ 1 and 0 < ε, λ ≤ 1.

Proposition (L.-Lein)

The map (F ,G ) 7→ F ]BG gives rise to continuous bilinear maps,

]B : Sm
ρ,0(Ξ2)× Sm′

ρ,0(Ξ2) −→ Sm+m′

ρ,0 (Ξ2)

]B : SmL,mR
ρ,0 (Ξ2)× S

m′
L,m

′
R

ρ,0 (Ξ2) −→ S
mL+m′

L,mR+m′
R

ρ,0 (Ξ2).
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Asymptotic expansion

Both •B and ]B can be asymptotically expanded in ε and λ:

Theorem (L.-Lein)

Assume B satisfies (B). Then the following holds.

(1) Let F ∈ Sm
ρ,0(Ξ2) and g ∈ Sm′

ρ,0(Ξ). Then there is N ∈ N0 such that

F •B g =
N∑

n=0

n∑
k=0

εnλk(F •B g)(n,k) + R̃N , (*)

where (F •B g)(n,k) ∈ S
m+m′−ρ(n+k)
ρ,0 (Ξ), R̃N ∈ S

m+m′−ρ(N+1)
ρ,0 (Ξ) and

the semi-norms of R̃N is sufficiently small.

(2) If F ∈ SmL,mR
ρ,0 (Ξ2) and g ∈ Sm

ρ,0(Ξ), then we also have an asymptotic

expansion of F •B g as in (*). In this case,

(F •B g)(n,k) ∈ S
m+mL+mR−ρ(n+k)
ρ,0 (Ξ), R̃N ∈ S

m+mL+mR−ρ(N+1)
ρ,0 (Ξ)

and the semi-norms of R̃N is sufficiently small.
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Asymptotic expansion

Theorem (L.-Lein)

Assume B satisfies (B) and let F ∈ Sm
ρ,0(Ξ2) and G ∈ Sm′

ρ,0(Ξ2). Then
there is N ∈ N0 such that

F ]BG =
N∑

n=0

n∑
k=0

εnλk(F ]BG )(n,k) + R̃N ,

where (F ]BG )(n,k) ∈ S
m+m′−ρ(n+k)
ρ,0 (Ξ2), R̃N ∈ S

m+m′−ρ(N+1)
ρ,0 (Ξ2) and the

semi-norm of R̃N is sufficiently small.
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L2-boundedness

Theorem (L.-Lein)

Suppose B satisfies (B) and let F ∈ S0
ρ,0(Ξ2), 0 ≤ ρ ≤ 1. Then OpA(F )

gives rise to a bounded linear operator from L2 to itself.

Our proof is based on the Parseval frame method which can be found
in [CHP24].
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Noncommutative Euclidean spaces

θ := a real skew-symmetric n × n matrix.

For each t ∈ Rd , we define the unitary operator λθ(t) on L2(Rd) by
letting (

λθ(t)f
)
(x) = eit·x f

(
x − 1

2θt
)
.

We have

λθ(t)λθ(s) = e
i
2
t·θsλθ(t + s) ∀t, s ∈ Rd .

Definition (NC Euclidean spaces)

L∞(Rd
θ ) := {λθ(t); t ∈ Rd}′′.
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The structure theorem

Suppose that k := rkθ/2 and l = dim ker θ. In particular, we have
n = 2k + l . By using the spectral theorem we can find an orthogonal
matrix Q satisfying

Q−1θQ =



−θ1

−θ2

. . .

−θk
θ1

θ2

. . .

θk
0l


.
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The structure theorem

Theorem (see, e.g., [GIV06, Ri93])

There is an isomorphism between von Neumann algebras,

L∞(Rd
θ ) ' L (L2(Rk))⊗̄L∞(Rl).

In particular, if θ has full rank, then L∞(Rd
θ ) ' L (L2(Rd/2)).

On the other hand, if θ = 0, then L∞(Rd
θ ) ' L∞(Rd).
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Future Projects

The boundedness of OpA(F ) on Lp for general p?

Generalization to the case of more general von Neumann algebras?

Generalization to the case of noncommutative Euclidean spaces (i.e.,
hybrid quantum-classical setting)?
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Thank you for your attention!
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