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Background

For a simple Lie algebra g, there exist two important
natural kinds of generalizations:

o Affinizations:

g —>@ —Btor _>gN,t0r

e Quantizations:

g —Ufg) = Uyla) = Uy8tor) = Ug(8n,tor)
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Background

Affinizations of simple Lie algebra g

A~

g —9g —Btor — 9N tor

o Affine Lie algebra §: the central extension of g ® C[toﬂ] by the
one-dimensional center Ccy.

@ Toroidal Lie algebra g;,,: also called the double affine Lie algebra.

@ N-Toroidal Lie algebra gx tor: the infinite dimensional universal
central extensional of g ® C[tE!, .- | t3! ).
@ S. Rao and R. Moody, Vertex representations for N-toroidal Lie algebras

and a generalization of the Virasoro algebra, Comm. Math. Phys., 159
(1994), 239-264.
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Background

Background

Quantizations of simple Lie algebra g

g — Uq(9> — Uq(g) — Uq(gtor) — Uq(gN,tor)

@ Quantum group U,(g): g—deformation of the universal enveloping algebra
U(g) of a Lie algebra g(Drinfeld, Jimbo, Lusztig ...)

@ M. Jimbo, A g-difference analogue of U(g) and the Yang-Baxter equation,
Lett. Math. Phys. 10 (1985), 63C69.

@ V. G. Drinfeld, Quantum groups, Proc. of the ICM, Berkeley, 1986, pp.
798-820. American Mathematical Society, Providence, 1987.

@ Quantum affine algebra U,(§): admits two realizations Drinfeld-Jimbo
realization and Drinfeld realization, associated to affine Lie algebra g.

@ V. G. Drinfeld, A new realization of Yangians and quantized affine algebras,
Soviet Math. Dokl. 36 (1988), 212-216.
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Background

Quantizations of simple Lie algebras

g — Uqy(g) — Uy(8) — Uq(8tor) — Uqg(9n tor)

@ Quantum toridal algebra Ug(gor) introduced by Ginzburg-Kapranov
-Vasserot, were found to have many applications in geometry, algebra,
and mathematical physics.

@ V. Ginzburg, M. Kapranov, E. Vasserot, Langlands reciprocity for algebraic
surfaces, Math. Res. Lett. 2 (1995), 147-160.
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Background

Quantum toridal algebra U, (gior):
@ Schur-Weyl duality for type A ([VV1])

@ M. Varagnolo and E. Vasserot, Schur duality in the toroidal setting, Comm.
Math. Phys. 182 (1996), 469-484.

@ g-Fock space representation for type A ([VV2], [STU])

@ M. Varagnolo and E. Vasserot, Double-loop algebras and the Fock space,
Invent. Math. 133 (1998), 133-159.

@ Y. Saito, K. Takemura and D. Uglov, Toroidal actions on level 1 modules of
U,(sl,), Transform. Groups 3 (1998), 75-102.
@ Simple integrable highest weight modules for type A ([M])

[ K. Miki, Representations of quantum toroidal algebra Uq(slyn+1,tor)(n < 2),
J. Math. Phys., 41 (2000), 7079-7098.

@ Quantum vertex representations via McKay correspondence for type ADE.

@ I. B. Frenkel, N. Jing, W. Wang, Quantum vertex representations via finite
groups and the McKay correspondence, Comm. Math. Phys. 211 (2000),
365-393.
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Background

Background
Quantizations of simple Lie algebras

g — Uq(g) — Uq(ﬁ) — Uq(gtor) — Uq(GN,tor)

@ How about the structures and representations of quantum N-toridal algebras
Uq(gN,tor)?

@ Y. Gao, N. Jing, L. Xia, H. Zhang, Quantum N-toroidal algebras and
extended quantized GIM algebrasof N-fold affinization, Comm. Math Stat.,
(2023) doi.org/10.1007 /s40304-022-00316-4.

@ C. Ying, L. Xia, H. Zhang, Vertex representation of quantum N -toroidal
algebra for type Fi, Comm. Algebra, 48(9)(2020), 3780-3799.

@ N. Jing, Z. Xu, H. Zhang, Vertex representation of quantum N -toroidal
algebra for type C, J. Alg. Appl. 20(10)(2021), 0-2150185.

@ N. Jing, Q. Wang, H. Zhang, Level -1/2 realization of quantum N-toroidal
algebra, Algebra Collog., 29 (2022) 79-98.
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Goal

o Give the definition of quantum N-toroidal algebras.

e Find the relation between quantum N-toroidal
algebras and quantized GIM algebras.

o Construct the vertex representations of quantum
N-toroidal algebras.
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Quantum N-toroidal algebras Uq (g N, t0r)

Contents

@ Quantum N-toroidal algebras U, (g tor)
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Quantum N-toroidal algebras Uq (g N, t0r)

Quantum toroidal algebras Uy, (g:or)

® Uy(gtor) is an associative algebra over C generated by xf(k) a;(¥),
KE' 43, g (i eI, k € Z, { € Z\{0}) satisfying the defining

relations.
(D1) v*2 is central, K" K" =1, [K*', K" = K, a;(r)] =0, and

qidﬂKii commute with each other
(D2) Kz (k)K" = ¢ iz3 (k)
(D3) [as(r).a5(s)] = G 321 Sy,
(D4) ¢"ai(r)g ™ =g ai(r), . ¢"ia; (k)dq‘dl = q‘zi (k).
(D5) ¢*ai(r)g* = ai(r), ¢ ‘xll (k)g* = q “’fvi (k),
(D6) [as(r), 2" (k) ] = 2280y ™5 a3+ )y
(D7) p* [ (k + 1), 25 ()] tcos,0p) + [z + 1) F(0)] t@iep =0,
(D8) [w+(k) z7(1)] = 6 7 g (kD) — 'Yl ki (k)
1 7 J q—q )
(D9) Quantum Serre relations.
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Quantum N-toroidal algebras Uq (g N, t0r)

Quantum toroidal algebras Uy, (g:or)

@ Uy(gtor) contains two remarkable subalgebras: vertical subalgebra
U(1) and horizontal subalgebra U(y).

Uy = (e (k), ailr), K57, v*3li € 1/{0}, k € Z, 1 € 2/{0}).

U = (27(0), KF', v¥3i € I).

@ U(y) = Drinfeld realization, U(y) = Drinfeld-Jimbo realization.
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Quantum N-toroidal algebras Uq (g N, t0r)

Quantum N-toroidal algebras U,(gn tor)

Let [ = {0,1,-~-n}, J = {1,--~N— 1}, k= (k)l,kg,'" ,kiN_1) S ZN_l,

es = (0,---,0,1,0,---,0) be the unit vector of (N — 1)-dimension.
Definition (Gao-Jing-Xia-Z)

The quantum N-toroidal algebras U, (gn tor) is an associative algebra over C

generated by 2 (k), al® (¢), K31, vit%, ¢t (iel,seJ, kezZN T,
¢ € Z\{0}) satisfying the following relations,

1
7;:2 are central and Kiil K;Fl =1, ¢%, Kli commute with each other,
070, KM =0, K q* =0=[a;"(0),¢*,
[€ai;]i W=

(s) ") pry1 — , ,
[al- (f)ﬂlj (6)]_55,5 6€+l ,0 ¢ qqul ’

¢?xE(k) g~ = ¢ zE(k),
_ +ai;
Kot (k) K70 = ¢ 92 (k),

(Shanghai University) Quantum N-toroidal algebras
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Quantum N-toroidal algebras Uq (g N, t0r)

Quantum N-toroidal algebras U,(gn tor)

[l (0,2 (0)] = £ e, 1), ()

[z (key), 2 (les)] =0,  for s#s and kl#0, (7)

[mf((Hl)es) F(te o)) o + (@ f((t”r1)65)7wf(tes)]q;au =0, (8)

[ (tes), a5 (t'es)] = %(%t?l () 7%% ¢§S>(t+t'>), (9)
qi — 4q;

Quantum Serre relations (10)
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Quantum N-toroidal algebras Uq (g N, t0r)

Remarks

@ When N = 2, the definition of quantum N-toroidal algebra is just
that of quantum toroidal algebra. When N > 3, quantum N-toroidal
algebra is a natural generalization of quantum toroidal algebra.

@ For fixed s € J, there exists a subalgebra Ués) of Ug(9n,tor)

1
generated by the elements xf:(kes), a(s) (0), Kiﬂ, V;t2, qid forieI.

7
It is easy to see that every Ués) is exactly isomorphic to quantum
toroidal algebra.

@ In fact, there exists another central element vy = KoKy, where 0 is
the highest root of simple Lie algebra g.
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Quantum N-toroidal algebras Uq (g N, t0r)

Algebra Uy(gn tor)

Furthermore, we define an algebra Uy(gn tor) generated by finitely many Drinfeld
generators with finitely many Drinfeld relations and claim that the quantum
N-toroidal algebra U, (gn.tor) is isomorphic to a quotient of Uy(gn,tor) OF

Uo(gN tor) itself.

Definition
The algebra Uy (g +or) is an associative algebra generated by 2:(0), g (ees),

1
Kiil, gt and fy;:z (e==x1or =+, i €I, s € J) satisfying the following relations:

+1 q
s Zare central, and Kii commute with each other,

(11)

¢, K commute with each other, (12)

Kiaf (OK ' = ¢; "2 (0), Kiag“(cea) K = ¢ a5 (ces), (13)

¢"zF (0)g = ¢ 2 (0), q'wo (ees)g = qm “(ees), (14)
_ KifK%-_1 _ Vi Ky — v K !

[25(0), 25 ()] = 6 ———=—, [z (—es), @ (es)] = =———"—, (15)

7q—1 q— q—l
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Quantum N-toroidal algebras Uq (g N, t0r)

Subalgebra of quantum N-toroidal algebra U, (gn.ior)

xq “(ees), o <(0) ]qo—2 =0, [z “(ees), zo (eesr)] = 0,fors # s' € J,

[
[25(0), 2o “(ees)] =0, for i#0,
[7(0), 27 (0] =0,  [w5 (ees), 2, (0] =0, for ay; = aox =0,

Zflfaij

> Co[] GEor s eEEr =0, <o,
Z:sliaoj g

> 0[] @) e (e @) =0, aoy <0,

Quantum Serre relations involving zi- (0), zg (—1), zg (1).

(Shanghai University) Quantum N-toroidal algebras
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Quantum N-toroidal algebras Ug (g N, tor)

N-symmetry

That is,
oL
Uo(gn.tor) = (TE(0), 75" (ees), KE ¢, 707 |ie Lse T ).

Proposition

For s € J, there exists a Q-algebra automorphism 75 of Uy (g tor) Such that,

i _ x§(0), ifs=s';
Ts(xo( 665/)) - { $8(*€€s’), if s # s

To(0) = ¢, 7(25(0)) = @f(—ees), Tz (0)) =z (0),
wherei=1,2,--- ,n,s’ =1,--- ,N —1 and ¢ = & or 1.
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Quantum N-toroidal algebras Uq (g N, t0r)

Theorem

As associate algebras, quantum N-toroidal algebra Uy(gn tor) is
isomorphic to the quotient algebra of Uy(gn tor) for type A and subalgebra
Uo(gN tor) for other types, respectively.

Uo(g, N-tor)/Jy, for type A;
Uq(g, N-tor) =

Uo(g, N -tor), otherwise.

(Shanghai University) Quantum N-toroidal algebras 21 / 47



Quantum N-toroidal algebras Uq (g N, t0r)

The proof of Theorem4

@ For the case N = 2,

o We have checked it for type A in Jing-Z.
o For other types, we need to check the Serre relations.

@ For the case of NV > 2, it can be verified similarly.

Remark

It is clear that Uy(gn tor) is finitely generated with finitely many relations,
and has much fewer generators and relations than Drinfeld’s original form.
Actually, Uy(gn tor) provides an alternative realization of quantum
N-toroidal algebra Uy(gn tor)-
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Up (gN,tor) and quantized GIM algebra of N-fold affinizations

Contents

© Uo(gn.1or) and quantized GIM algebra of N-fold
affinizations
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Up (gN,tor) and quantized GIM algebra of N-fold affinizations

Generalized intersection matrix (GIM)

Let J be a finite index set, a square matrix M = (my;);, jes over Z is
called a generalized intersection matrix if it satisfies:

(C1) my; =2 for i € J;

(C2) my; - mj; are nonnegative integers for i # j;

(C3) m;; = 0 implies mj; = 0.

@ As m;; can be positive, a GIM generalizes the notion of the
generalized Cartan matrix.

(Shanghai University) Quantum N-toroidal algebras
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Up (gN,tor) and quantized GIM algebra of N-fold affinizations

GIM algebras

The GIM algebra £(M) associated to a GIM M = (m;;);, jes are an associative
algebra over C generated by e;, f;, h; for i € J satisfying the following relations,
(R1) For i,5 € J,

[, €5] = misze;, [hs, f3] = —ma; £y,
les, fi] = hs.

(R2) Form;; <0,

le, f;] =0=1[fi,e;], (ades)™ % e; = 0= (adfs)™ s+ f;.
(R3) Form;; >0andi=#j,

lesse5] = 0= [fi, f;], (ade;)™i*1f; = 0= (adfi)™itle;.

Theorem (Berman-Moody 92" Inv. Math.)

There exists a surjective homomorphism ¢ : L(M) — gN tor- J
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Up (gN,tor) and quantized GIM algebra of N-fold affinizations

Quantized GIM algebras U, (L(M))

@ In [T, LT], the authors studied the structures of quantized GIM algebras for
simply-laced cases of 2-affinization.

@ In [GHX], the authors proved that a quantized GIM algebra U,(L(M)) for
simple-laced cases is isomorphic to a subalgebra of a quantum universal
enveloping algebra U, (A)

[GHX] Y. Gao, N. Hu and L. Xia, Quantized GIM algebras and their images in quantized Kac-Moody algebras, Alg.
Rep.Theory, 24(3) (2021).

[LT] R. LvandY. Tan, On quantized generalized intersection matrix algebras associated to 2-fold affinization of Cartan
matrices, J. Algebra Appl. 12 (2013), 125-141.

[T] Y. Tan, Drinfeld-Jimbo coproduct of quantized GIM Lie algebras , J. Algebra, 313 (2007), 617-641.
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Up (gN,tor) and quantized GIM algebra of N-fold affinizations

Quantized GIM algebras

The extended quantized GIM algebra U, (L(M)) of N-fold affinization is a unital
associative algebra over K generated by the elements E;, Fi, K1, ¢*%(i € J),
satisfying the following relations:

(M1) For i,jeJ, Kj' K" =1, ¢*? and K;*' commute with each other.
(M2) For i € Jy and j € Js,

¢“Eiq~¢=qE, ¢“Fiq ¢=q'F,
qujqidZ Ej qujqid: Fj.
(M3) For i€ JandjeJ,
K;E; K" =q"" E;, K BK =g " F,

(M4) For i€ J, we have that

K, — K !

E F =
[ } q—q!
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Up (gN,tor) and quantized GIM algebra of N-fold affinizations

Quantized GIM algebras

(M5) For m;; <0, we have that
[ Ei, Fj} =0,

1—my;
sgo (_1)5 [1_?ULF¢1_mij_stFis =0.
(M6) For m;; >0 and ¢ # j, we have that
[Ei, Ej] = 0 = [Fi, Fj,

1+mg;

Y (-1 [Mm] BT TR B =0,
s=0 g

I4ms; T
> (-1 [r] BB R =0
s=0 g

(M) For m;; =0 and i # j, we have that
s E:1=0=I[F;. Fl =[F.F;.

(Shanghai University) Quantum N-toroidal algebras
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Up (gN,tor) and quantized GIM algebra of N-fold affinizations

Definition

Let A = (aij)ijer, be the Cartan matrix of finite type. Define

T P
M= (mij)i,jej: ( Q A >7

where T'is the N x N matrix > 2E;;, and P = (p;;) (resp. Q = (gij)) is
i?j
the NV x n (resp. n x N) matrix given by p;; = ag; (resp. ¢i; = aio).

Remark
Note that M is a symmetrizable GIM of N-fold affinization of A: Dy M

is symmetric for the diagonal matrix Dy; = > d; Ey = ( gOIN DO >
ieJ 0

where Dy = diag(d;|i € Ip).
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Up (gN,tor) and quantized GIM algebra of N-fold affinizations

Quantized GIM algebra of N-fold affinizations

Now we focus on showing that the algebra Uy(gn tor) can be realized as a
quotient of the extended quantized GIM algebra of N-fold affinization. First let
us deonte that fori € I and s € J,

F_s = 5 (es)gp >, B—s = a3'ag (—es), K—s = 7Kg ',
E; =2} (0), F, =27 (0), K; = K;.
Let J={-N+1,---,-1,0,1,--- ,n}.
Proposition
Using the above notations, the algebra Uy(gn ior) is an associative algebra

generated by E;, F;, K;, (i € J), satisfying the following relations.

Kl-K;1 = K;lKi =1, qid and Kii commute with each other,

KiE;K; ' =q; "E;, KFK '=gq “F,
K;—K !

(B Fi]=6i5— — 2

qZEiq*‘i =qFE;, %dFiq*dd = qFi,

q“E;q " = Ej, q¢“Fiq~ " = F},
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Up (gN,tor) and quantized GIM algebra of N-fold affinizations

Quantized GIM algebra of N-fold affinizations

[E:, Fj] =

1-m;;

ey

s=0

s
(3

where i # j € J such that m;; < 0,

[E;, E;] =0=[F;, Fj],

14+m;;

s=0
14+m;;
s=0 T

where 1 #£ j € J such that m; > 0,

[Ei, E;j] =0=[E;, Fj] = [Fi, Fj], for i#jeJ suchthat m;; =0,

(Shanghai University) Quantum N-toroidal algebras
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Up (gN,tor) and quantized GIM algebra of N-fold affinizations

Quantized GIM algebra of N-fold affinizations

[E—j; [Eo, Eilaolao + [Eos [E—j; Eilg],—s =0,

22
[, [Fo, Fil, 1l + [ Fo, [F_y, Fel,al,1 =0, (22)
where m;o =1and i€ I = {1,2,--- ,n},j € J,
[E-j; [Eo, [Eo, Eilgal,=2]qa + [ Bo, [E-j, [Eo, Eilglh],->
+[[E07 [E07 [E*ja Ei]qg]]q54]qa2 =0,
[F-j; [Fo, [Fo, Fi]~2]galez + [ Bo, [E—j, [Eo, Ei],~2]h]g
+[[E07 [E07 [E—j7 Ei}q[;Q]]qg]qD"l = 07
(23)

[E—j, [E—j, [Eo, Ei]g2hilgz + [[E—j, [ Eo, [E—j, Ei]g]]

454]‘13

+[[E07 [E*JF [E*JF Ei]q(%”ﬂqg =0,

[F*j’ [F*j, [F07 Fi]qu]l]%*? + [[F*ja [FO’ [F*j, Fi]q0’2]]qé]q62

+{[Fo, [F-j, [F-j, Fi] —2]l1]-2 =0,
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Up (gN,tor) and quantized GIM algebra of N-fold affinizations

Take type A for example

For the case of N = 2,

2 2 -1 0 0

2 2 -1 0 0

M— =il =i 2 -1 0
0 0 0 0 2

-1 -1 0 0 =1

(Shanghai University) Quantum N-toroidal algebras
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Up (gN,tor) and quantized GIM algebra of N-fold affinizations

Take type A for example

For the case of NV > 2,

2 2 -1 0 0 -1
2 2 -1 0 0 -1
—1 =1l 2} =il 0 0
M= 0 0 -1 2 0 0
0 0 0 0 2 -1
-1 -1 0 0 -1 2
1 2 3 n-2 n-1 n
For N=3
(Shanghai University) Quantum N-toroidal algebras
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Up (gN,tor) and quantized GIM algebra of N-fold affinizations

Remark

From Proposition of N-symmetry, there exists an automorphism 1, of the algebra
UO(GN,tm«) foro € Sx where X = {0, -1, ,—N + 1}1 such that Tg(qd) _ qd,
7_0'(75) = Y—o(—1i) forse Jandie K,

Eoy, i jEX; F,;, if jeX;
Ta(Ej) = Tg(Fj) =
E; if j¢Xx, F; if j¢X,

Koy, if jeX;

K; if j¢X,
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Up (gN,tor) and quantized GIM algebra of N-fold affinizations

Therefore we have the following Corollary immediately.

Corollary

The algebra Uy (g tor) is isomorphic to the quotient algebra U, (L(M))/K of the
extended quantized GIM algebra of the N-fold affinization Uy(L(M)). That is,

Uo (9N .1or) = Uy(L(M))/K,

where K is the ideal of Uy(L(M)) generated by Serre relations.
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Up (gN,tor) and quantized GIM algebra of N-fold affinizations

Moreover, we have the following two theorems.
Theorem

As an associative algebra, the quantum 2-toroidal algebra Uy (g2,10r) is isomorphic
to a quotient algebra of Uy (g2.t0r) for type A and Uy (82, tor) itself for other types.

Uo(92,t0r)/H1, for type A;
Uq(92,t0r) =

Uo(92,t0r) otherwise,
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Up (gN,tor) and quantized GIM algebra of N-fold affinizations

Uq(gntor) and extended quantized GIM algebra of
N-affinization

Theorem

As an associative algebra, the algebra Uy(gn tor) (N > 2) is isomorphic to a
quotient algebra of Uy (9N tor):

Uq (gN,tor) = uO (gN,tor)/HZ-

Combining the above Theorems with Corollary, we obtain the following main
theorem, which generalizes a well-known result of Berman and Moody for Lie
algebras.

Theorem

The algebra U,(gn tor) is isomorphic to quotient algebra of the extended
quantized GIM algebras of N-fold affinization U, (L(M)).
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Uqg (9N, tor)

Contents

@ Vertex representation of quantum N-toroidal algebra
Uq(9n tor)
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Vertex representation

Let I ={0,1,--- ,n} and Iy = {1, - ,n}. Let g be the finite dimensional
simple Lie algebra of simply-laced type over K with the Cartan matrix
(aij)ijelo-

Denote by g the affine Kac-Moody Lie algebra associated to g and its
Cartan matrix by (a;;); jer-

Let b and b be their Cartan subalgebras, A and A their root systems,
respectively.

Also let IT = {ay,- -+ , @, } be a basis of A, where ag, a1, ,ay, are the
simple roots of §.

Let Q = @, Za; and Q = @], Za; be the root lattice of g and §
respectively.

The affine weight lattice P is P = @ _, ZA; @ Z3, where Ag,--- , A, are
the fundamental weights of g and ¢ the null root.
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Quantum Heisenberg algebra

Definition
The Heisenberg algebra Uq(a, N-tor) is an associative

algebra generated by {a;(l) |l € Z\{0}, i € I},
satisfying the following relations for m, [ € Z\{0},

(), a5(0)] = b ).

Quantum N-toroidal algebras
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Fock space

@ We denote by U, (h*, N-tor) (resp.U,(h~, N-tor) ) the commutative
subalgebra of U,(h, N-tor) generated by a;(I) (resp. a;(—1)) with I € Z,,
ieljel.

@ Let S(H*, N-tor) be the symmetric algebra generated by a;(—1) with
l & Z>().

@ Then S(h~, N-tor) is a Uq(a, N-tor)-module with the action defined by

j:l
Vs

=q
ai(=1) - :a()
q —

for any v € S(Ef, N-tor), l € Z~p and i € I.
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Uqg (9N, tor)

Fock space

@ First we define a 2-cocycle e( , ): @ x @ — =1 such that
5(0{, ﬂ) = (_1)(0(’5)5(53 a)'

o Let K[Q] = > Ke* be a twisted group algebra with base elements of the
a€eQ
form e (a € Q), and the product is e®e? = g(a, B)e* 7.

@ Then we have that for i,j € I,
eozieaj = (71)(0&1',01]‘)8041' eai'

o~

@ Define the Fock space F=S(h~, N-tor)®K|Q)], and the operators a;(l), e,
K;, ¢* and 2% act on F as follows (v ® e € F):

ai(=) (v ® eP) = (a;(~1)v) ® P,
(v ®ef) =v®eel,
a:(0)(v®e’) = (o, v ®e”,
z‘“(o)(v ® eﬂ) =0y eﬁ,

(v R eP) = a™ (v @ e,
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Uqg (9N, tor)

Normal order

Let : : be the usual normal order defined as follows:

a;(m)a;(l), m<l

ta;(m)a;(l) = {

a;(Da;(m), m>1,

:e%a;(0) :=: a;(0)e* := ea;(0).
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Uqg (9N, tor)

Vertex operators

We introduce the main vertex operators.

YE(2) = exp (i Z ai(— k)q:Fk/2 k) exp (IF S a; (k) g2k
[K] =l
X eiai Ziai(0)7

2,(2) = exp ((9-471) 3 au(0)=~),
Wi(2) = O exp (~(g—a7) T ai(-0)2).

Denote that ;5 (z) = 3 Y5 (n)z~
neL
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Vertex representation

Theorem

Fori e I and s € J, the Fock space F is a Uy(gn tor)-module for
simply-laced types of level 1 under the action p defined by :

+1
Vs

U A

-2,

g+,

g%,

Y= (ht(k)),

<I>i(z),
\I/i(z),

where ht(@) =k +--+ky_qfork= (]{71, ce ,]{ZN_l).
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Thank for your attention!
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