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Motivation and goal

Motivation:
Rota-Baxter operators are closely related with r-matrices. (g*,9%5) — (G,Gn)
@ M. A. Semenov-Tian-Shansky, Integrable Systems: the r -matrix Approach,

Research Institute For Mathematical Sciences, Kyoto University, Kyoto,
Japan, 2008.

@ Finite-dimensional semisimple Lie algebras =—> open Toda lattices;
@ loop algebras=—> periodic Toda lattices;
@ double loop algebras = Schroedinger equation, sine-Gordon equation;

@ Lie algebra of formal pseudo-differential operators = KdV equation;
O oo,
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@ Finite-dimensional semisimple Lie algebras =—> open Toda lattices;
@ loop algebras=—> periodic Toda lattices;
@ double loop algebras = Schroedinger equation, sine-Gordon equation;

@ Lie algebra of formal pseudo-differential operators = KdV equation;
O oo,

Goal:

@ Introduce Rota-Baxter operators on Poisson Lie groups;

@ Find applications in integrable system.
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Plan:
@ Lie bialgebras and Poisson Lie groups

@ Rota-Baxter Lie bialgebras
@ Rota-Baxter Poisson Lie groups

@ L. Guo, H. Lang and Y. Sheng, Integration and geometrization of
Rota-Baxter Lie algebras, Adv. Math. 387 (2021), 107834.

@ H. Lang and Y. Sheng, Factorizable Lie bialgebras, quadratic Rota-Baxter
Lie algebras and Rota-Baxter Lie bialgebras, Commun. Math. Phys. 397

(2023), 763-791.
@ H. Lang and Y. Sheng, Rota-Baxter Poisson Lie groups, in preparation.
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1: Lie bialgebras and Poisson Lie groups

Definition (Drinfeld 83, 86)
A Lie bialgebra is a pair of Lie algebras (g, [-,]g) and (g*, [, ]g=) s.t.

d«[z,ylg = [d«(2),ylg + [z, d« ()]s, V7,9 € g,

where d. : g — A2g is defined by (d«(z),& A n) := (z, [, 1]g*)-

dlg,mlgx = [d(€),mlgx + [§,d(n)]g~ for §,n € g*.
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1: Lie bialgebras and Poisson Lie groups

Definition (Drinfeld 83, 86)

A Lie bialgebra is a pair of Lie algebras (g, [-,]g) and (g*, [, ]g=) s.t.
d* [Z‘, y]g = [d*(l‘)v y]g + [CC, d*(y)]97 vxv yeg,

where d. : g — A2g is defined by (d«(z),& A n) := (z, [, 1]g*)-

dlg,mlgx = [d(€),mlgx + [§,d(n)]g~ for §,n € g*.

Definition (Drinfeld 83, 86)

A Poisson Lie group is a Lie group G with a Poisson structure
(r € X2(G), [r, 7] = 0) s.t. the group multiplication G x G — G is a Poisson map.

C*° (@) is a Poisson algebra. TFAE
@ Multiplication is a Poisson map;
@ myp = lguTh + ThaTg (= Te = 0);
@ {f1, f2}(g90ho) = {f1 0 lgg, f2 0lgo }(ho) + {f1 07y, f2 0 Thg }(g0)-
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Drinfeld theorem

Theorem (Drinfeld)

There is a one-one correspondence between connected and simply connected
Poisson Lie groups and Lie bialgebras:

(G, 16) =5 (g = TeG, dy = der), ((dem)e = (Lzm)(e)).
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Drinfeld theorem

Theorem (Drinfeld)

There is a one-one correspondence between connected and simply connected
Poisson Lie groups and Lie bialgebras:

(G, 16) =5 (g = TeG, dy = der), ((dem)e = (Lzm)(e)).

Poisson Lie groups come in pairs.

(G7 ﬂ—G) - (gvg*) - (9*79) — (G*,ﬂ'g*).

(Gy7g =0) — (8,8") = (87,8) = (8", TKKS)-
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Drinfeld doubles

@ The double d := g @ g* of a Lie bialgebra (g, g*) is a Lie algebra

[+& y4nla = ([z, ylg+adfy—adyz, [€, n]gx +adyn—adyE), Va,y €g,6n € g"

The triple (9, g,g*) is called a Manin triple.
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Drinfeld doubles

@ The double d := g @ g* of a Lie bialgebra (g, g*) is a Lie algebra

[+& y4nla = ([z, ylg+adfy—adyz, [€, n]gx +adyn—adyE), Va,y €g,6n € g"

The triple (9, g,g*) is called a Manin triple.

@ Let G,G* and D be the connected and simply connected Lie groups of g, g*
and g g*. If G is complete, we have D = G* <1 G. The multiplication is

(u,9)(v,h) = (uAg(v), py-1(9)h),  g,h € G u,v € G
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Example 1

@ Let sl(n,C) = {X € gl(n,C);tr(X) = 0}. Consider
sl(n,C) = su(n) @ sb(n,C),
where su(n) = {X € sl(n,C); X + XT = 0} and sb(n, C) is the Lie algebra of
all n X n traceless upper triangular complex matrices with real diagonal

entries. With the scalar product S(X,Y) = Im(¢r(XY)), we have a Manin
triple ((sl(n,C),S), su(n), sb(n,C)).
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Example 1

@ Let sl(n,C) = {X € gl(n,C);tr(X) = 0}. Consider
sl(n,C) = su(n) @ sb(n,C),

where su(n) = {X € sl(n,C); X + XT = 0} and sb(n, C) is the Lie algebra of
all n X n traceless upper triangular complex matrices with real diagonal
entries. With the scalar product S(X,Y) = Im(¢r(XY)), we have a Manin
triple ((sl(n,C),S), su(n), sb(n,C)).

@ Let SL(n,C) = {A € GL(n,C);|A| = 1}. By Schmidt orthogonalization, we
have the global decomposition

SL(n,C) = SU(n)SB(n),
where SU(n) = {A € SL(n,C); A*A = I} and SB(n) is the subgroup of all
n X n determinant 1 upper triangular complex matrices with real diagonal

elements. Then we obtain a pair of Poisson Lie groups: G = SU(n) and
G* = SB(n).
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Example 2

@ Let g = sl(n,C) and consider the direct sum Lie algebra g @ g. Define

Odiag = {(X7X)§X GSZ(nv(C)};
95t {¥+X4,-Y+X_)Yeh Xy €ny, X €n_},

where h,n4,n_ are the Lie algebras of diagonal, strictly upper and lower
triangular matrices in sl(n,C). W.r.t the scalar product

((X1,11), (X2, ¥2))gog = Im(tr(X1X2)) — Im(tr(Y1Y2)),

the triple (g ® g, §diag,94) consists a Manin triple of Lie algebras.
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Example 2

@ Let g = sl(n,C) and consider the direct sum Lie algebra g @ g. Define

Odiag = {(X7X)§X GSZ(nv(C)};
95t {¥+X4,-Y+X_)Yeh Xy €ny, X €n_},

where h,n4,n_ are the Lie algebras of diagonal, strictly upper and lower
triangular matrices in sl(n,C). W.r.t the scalar product

((X1,11), (X2, ¥2))gog = Im(tr(X1X2)) — Im(tr(Y1Y2)),

the triple (g ® g, §diag,94) consists a Manin triple of Lie algebras.
@ We thus have a Poisson Lie group G = SL(n,C) with dual Poisson Lie group

SL(n,C)* = {(nyh,h"*n_);ne € Ny,h e HY = By xpy B_,

where H, N+ denote the diagonal, strictly upper and lower triangular
matrices in G and B4 are upper and lower triangular matrices in G.
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The dual Poisson Lie group (G*, mst) plays important roles in Ginzburg-Weinstein
map (u(n)* = U(n)*), Riemann-Hilbert map (g* — G*), etc. It can be identified
with a certain moduli space of meromorphic connections over the unit disk having
an irregular singularity at the origin.

@ P. Boalch, Stokes matrices, Poisson Lie groups and Frobenius manifolds,
Invent. Math. 146 (2001), 479-506.
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Factorizable Lie bialgebras

Let g be a Lie algebra and r € g ® g. Introduce a bracket on g*:
T+:g*_)gv T“'(é) ::T(év')v T—:—Tiig*—)g, I:r+—7"_:g*—>g.

il = zL(i:+£r] —ady & (ds(z) = [z, 7]).
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Factorizable Lie bialgebras
Let g be a Lie algebra and r € g ® g. Introduce a bracket on g*:

T+:g*_)gv T‘F(é) ::T(év')v T—:—Tiig*—)g, I:m_—r_:g — 8.

il = zL(i:+£r] —ady & (ds(z) = [z, 7]).
Question: When is (g, g) a Lie bialgebra?
@ skew-symmetry < [z,7+0o(r)] =0 < [oad} = adz o [;
@ Jacobi identity <= [ri2,713] + [r13,723] + [r12,723] = 0 (CYBE).

Such a Lie bialgebra (g, ;) is called a quasitriangular Lie bialgebra.

@ Factorizable: I : g* — g is an isomorphism of v.s.;
@ Triangular: T =0 (r € A2g).
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Factorizable Lie bialgebras

Let g be a Lie algebra and r € g ® g. Introduce a bracket on g*:

T+:g*_)gv T“'(é) ::T(év')v T—:—Tiig*—)g, I:r+—7"_:g*—>g.

il = zL(i:+£r] —ady & (ds(z) = [z, 7]).

Question: When is (g, g) a Lie bialgebra?
@ skew-symmetry < [z,7+0o(r)] =0 < [oad} = adz o [;
@ Jacobi identity <= [r12,713] + [r13, r23] + [r12,723] = 0 (CYBE).

Definition
Such a Lie bialgebra (g, ;) is called a quasitriangular Lie bialgebra.
@ Factorizable: I : g* — g is an isomorphism of v.s.;

@ Triangular: T =0 (r € A2g).

A

Given a Lie bialgebra (g,g*), then (9,0}) is a factorizable Lie bialgebra with
r=>5,®z €g*®gCo®I. In fact, 0F = g X g* and

I=1id, r—:0F —0,(z,&) — —(0,8).

.

= —_—=——=—
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Factorizable Poisson Lie groups

Let G be a Poisson Lie group corresponding to a factorizable Lie bialgebra (g, g3).
Then g = 7 — 7. Let G* be its simply connected dual. Integrating the Lie
algebra homo. r+ : g* — g to Lie group homo. R+ : G* — G. Define

J: G — G, J(u) = Ry (W)R_ (u) L.

If J is a global diffeomorphism, we call G is a factorizable Poisson Lie group.

@ N. Reshetikhin and M. A. Semenov-Tian-Shansky, Quantum R-matrices and
factorization problems, J. Geom. Phys. 5 (1988), 533-550.

@ A. Weinstein and P. Xu, Classical solutions of the quantum Yang-Baxter
equation, Comm. Math. Phys. 148 (1992), 309-343.
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Factorizable Poisson Lie groups

Let G be a Poisson Lie group corresponding to a factorizable Lie bialgebra (g, g3).
Then g = 7 — 7. Let G* be its simply connected dual. Integrating the Lie
algebra homo. r+ : g* — g to Lie group homo. R+ : G* — G. Define

J: G — G, J(u) = Ry (W)R_ (u) L.

If J is a global diffeomorphism, we call G is a factorizable Poisson Lie group.

@ N. Reshetikhin and M. A. Semenov-Tian-Shansky, Quantum R-matrices and
factorization problems, J. Geom. Phys. 5 (1988), 533-550.

@ A. Weinstein and P. Xu, Classical solutions of the quantum Yang-Baxter
equation, Comm. Math. Phys. 148 (1992), 309-343.

Given simply connected Poisson Lie group (G, 7g) and its dual (G*, g+ ).
Suppose it is complete. The lifts R4, R_,J : D* — D are

Ryi(g,u) =g, R_(g,u) =u"", J(g,u) = gu, Vg € G,u € G*.

So J is a global diffeomorphism and (D, 7p) is a factorizable Poisson Lie group.
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(8,87, (g%9), (), (@2).
G, G*, D=G*=~G, D*=GxG
SU(n),  SB(n,C), SL(n,C),  SU(n)x SB(n,C).
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(8,87, (g%9), (), (@2).
G, G*, D=G*=~G, D*=GxG
SU(n),  SB(n,C), SL(n,C),  SU(n)x SB(n,C).

Here )
b =% —7, r=) Q@ IR0
7

mpe = (=g mae) — 30 ((0,€) A (F,0) — (0, €) A (5, 0).

=1
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2. RB algebras and RB Lie algebras

A Rota-Baxter algebra of weight A is an algebra A with a linear map B : A — A
such that
Bz -By=B(Bz-y+z-By+ Az -y).

13 /26



2. RB algebras and RB Lie algebras

A Rota-Baxter algebra of weight A is an algebra A with a linear map B : A — A
such that
Bz -By=B(Bz-y+z-By+ Az -y).

Let A= C*°(R) and B(f = [y f(t)dt =: F(z). So F'(z) = f(z). Then
(C*°(R), B) is a RB algebra of Welght 0

A Lie algebra g with an operator B : g — g satisfying

[B$7By]9 = B([Bw7 Z’/}g + [3), By]g + >\[JZ, y][l)v V$,y € g.

is called a RB Lie algebra of weight .
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2. RB algebras and RB Lie algebras

A Rota-Baxter algebra of weight A is an algebra A with a linear map B : A — A
such that
Bz -By=B(Bz-y+z-By+ Az -y).

Let A= C*°(R) and B(f = [y f(t)dt =: F(z). So F'(z) = f(z). Then
(C*°(R), B) is a RB algebra of Welght 0

A Lie algebra g with an operator B : g — g satisfying

[B$7By]9 = B([Bw7 Z’/}g + [3), By]g + >\[JZ, y][l)v V$,y € g.

is called a RB Lie algebra of weight .

[$, y}B = [mey]ﬂ + [33> By]ﬂ + )‘[x’ y}ﬂ'
(g,[,-]B) is called the descendent Lie algebra and denoted by gp.
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RB Lie bialgebras

Definition (Lang-Sheng)
A RB operator of weight A on a Lie bialgebra (g, g*) is a linear map B : g — g s.t.
(i) B is a RB operator of weight A on g;
(i) B* := —\id— B* is a RB operator of weight A on g*. (< B* is a RB on g*.)
A Lie bialgebra with a RB operator is called a RB Lie bialgebra.
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RB Lie bialgebras

Definition (Lang-Sheng)

A RB operator of weight A on a Lie bialgebra (g, g*) is a linear map B : g — g s.t.

(i) B is a RB operator of weight A on g;
(i) B* := —\id— B* is a RB operator of weight A on g*. (< B* is a RB on g*.)

A Lie bialgebra with a RB operator is called a RB Lie bialgebra. )

Theorem (Lang-Sheng)

(9,9%, B) is a RB Lie bialgebra,
(1) iff ((g, B), (g%, B*); ad*, ad*) is a matched pair of RB Lie algebras.

(2) then (0,0*,B® B*) is also a RB Lie bialgebra, where
B®B*:g®g* —>g®g* s

(B@B")(z+& =Bx—\X—B*¢, xzcg, £cg”.

(3) (9B, g*g*) is a descendent matched pair of RB Lie algebras with

95 X g5, =pqp5:-
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RB Lie bialgebras given by factorizable Lie bialgebras

Theorem

Let (g,97) be a factorizable Lie bialgebra with I =ry —r_ : g* = g. Then
@ (9,05, B) is a RB Lie bialgebra of weight X, where B := Ar— oI~ 1;

@ we have the following commutative diagram of Lie algebra homo.:

ok —Aid—B* . —Aid—B* . —Aid—B* «
gﬁ;k QB* 9r 97
T_ T_ T_
Nllj\ NLII mjl\(tlj
i DN I DN I EPY i DN
B B B

©9pk+l 9B2 9B 9

where B=Mr_ oI~ and B* =X~ or_ and gpk 15 the descendent Lie
algebra of the RB operator B on ggk—1.-
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RB Lie bialgebras given by factorizable Lie bialgebras

Theorem

Let (g,97) be a factorizable Lie bialgebra with I =ry —r_ : g* = g. Then
@ (9,05, B) is a RB Lie bialgebra of weight X, where B := Ar— oI~ 1;

@ we have the following commutative diagram of Lie algebra homo.:

. —Aid—B* , —Ad—B* _ —Xid-B*
gﬁik gB* gr g[
T_ T_ T_
Elif\ eti\ﬁji\ftij
B B B
c 9kl 9p2 9B g9,

where B=Mr_ oI~ and B* =X~ or_ and gpk 15 the descendent Lie
algebra of the RB operator B on ggk—1.-

Let (g,9*) be any Lie bialgebra. The Lie bialgebra (9,0*) of the Drinfeld double
0 = gpdg* with
B:0—0, z4+E— =X

is a RB Lie bialgebra.
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3: RB Poisson Lie groups

A RB operator of weight 1 on a Lie group G is a smooth map B : G — G such that
B(g)B(h) = B(gB(9)hB(9)™"),  Vg,heC.

Descendent Lie group: Gos with the multiplication g x h = gB(g)hB(g) L.

16 /26



3: RB Poisson Lie groups

A RB operator of weight 1 on a Lie group G is a smooth map B : G — G such that
B(g)B(h) = B(gB(9)hB(9)™"),  Vg,heC.

Descendent Lie group: Gz with the multiplication g *p h = g®B(g)hB(g)*.

Definition (Lang-Sheng)

Let (G, 7) be a Poisson Lie group with Lie bialgebra (g, g*). A smooth map
B : G — G is called a RB operator on (G, ) if

(1) B is a RB operator on the Lie group G;

(2) B* = —id — B* : g* — g* is a RB operator of weight 1 on g*, where
B = %*e~

The triple (G, 7, B) is called a RB Poisson Lie group.
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B : G — G is called a RB operator on (G, ) if

(1) B is a RB operator on the Lie group G;

(2) B* = —id — B* : g* — g* is a RB operator of weight 1 on g*, where
B = %*e~

The triple (G, 7, B) is called a RB Poisson Lie group.

Differentiation: RB Poisson Lie group — RB Lie bialgebra.
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3: RB Poisson Lie groups

A RB operator of weight 1 on a Lie group G is a smooth map B : G — G such that
B(g)B(h) = B(gB(9)hB(9)™"),  Vg,heC.

Descendent Lie group: Gz with the multiplication g *p h = g®B(g)hB(g)*.

Definition (Lang-Sheng)

Let (G, 7) be a Poisson Lie group with Lie bialgebra (g, g*). A smooth map
B : G — G is called a RB operator on (G, ) if

(1) B is a RB operator on the Lie group G;

(2) B* = —id — B* : g* — g* is a RB operator of weight 1 on g*, where
B = %*e~

The triple (G, 7, B) is called a RB Poisson Lie group.

Differentiation: RB Poisson Lie group — RB Lie bialgebra.
Integration: Have problem! In fact, a RB operator of a Lie algebra can not be
integrated to a RB operator on the corresponding Lie group; See

@ J. Jiang, Y. Sheng and C. Zhu, Lie theory and cohomology of relative
Rota-Baxter operators, J. London Math. Society 109 (2024).
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Examples

If B is a RB operator on the Poisson Lie group G, then B : G — G defined
by B(g) = g~ 'B(g~ 1) is also a RB operator on the Poisson Lie group G.

The maps
B:G— G, g g L g—e
are RB operators on an arbitrary Poisson Lie group (G, 7).
(G, ™= 0,) is a RB Poisson Lie group iff (G,B) is a RB Lie group.

Let g be a Lie algebra and (g*, 7k i s) the corresponding linear Poisson Lie
group. Then (g%, 7k ks, ) is a RB Poisson Lie group iff (g, B8*) is a RB Lie
algebra.
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Questions

Given a RB Poisson Lie group (G, ng,B),

o
o
o
("]

what is the explicit relation of B with wg or {-,-}?

what’s the relation of it with RB Poisson algebras (RB ass. RB Lie)?
do we have a descendent RB Poisson Lie group (G, w3, B)?

dual RB Poisson Lie group (G*,rg=,C)?

Given a RB Poisson Lie group (G, , ) and a dual RB Poisson Lie group
(G*,g*,C) s.t. B, + Cxe = —id, is there a double RB Poisson Lie group
(G > G*y D, %D)‘?
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Questions

Given a RB Poisson Lie group (G, ng,B),
@ what is the explicit relation of B with 7g or {-,-}?
@ what’s the relation of it with RB Poisson algebras (RB ass. RB Lie)?
@ do we have a descendent RB Poisson Lie group (G, 7, B)?
@ dual RB Poisson Lie group (G*,mg=,C)?
o

Given a RB Poisson Lie group (G, , ) and a dual RB Poisson Lie group
(G*,g*,C) s.t. B, + Cxe = —id, is there a double RB Poisson Lie group
(G > G*y D, %D)‘?

Done!
(1) Lie bialgebras;
(2) wg = 0 case, not trivial;

(3) Factorizable Poisson Lie groups.
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Let (G,mg = 0) be a Poisson Lie group and (¢*, Tk Kg) its dual Poisson Lie
group. Let B be a RB operator on the Lie group G. Then

(1) (G,0,8) and (g*,lIx s, —id — B*) are both RB Poisson Lie groups.
(2) The double Poisson Lie group D = g* x G with the RB operator B

B(u,g) = (Ad}

%(g) ((—id — B*)Ad; 1u),B(9)), Vg e G,u e g*.

B(g)~Lg—1Y

is a RB Poisson Lie group;
(3) The dual D* = G X g* with the RB operator

B x (—id— B*): D* - D*, (g u) — (B(g), (—id — B*)(u))

is a RB Poisson Lie group.

.
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RB operators on factorizable Poisson Lie groups

Ri,R_:G*—> G, J:G"3G, Ju=RywR_ (u) L

Proposition

If G be a factorizable Poisson Lie group and G* the dual Poisson Lie group, then

(i) the maps
B:G—- G, B(9):=R_(Jlg); C:G*=G*, C(u):=J "(R_u)

are RB operators on G and G*. Note that B}, + Cxe = —id.

(ii) (Gss, J«wa*,B) is a RB Poisson Lie group.

(iil) J: (G*,wg*,C) — (G, Jxwa*,B) is an isomorphism of RB Poisson Lie
groups. )
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RB operators on factorizable Poisson Lie groups

Ri,R_:G*—> G, J:G"3G, Ju=RywR_ (u) L

Proposition

If G be a factorizable Poisson Lie group and G* the dual Poisson Lie group, then

@)

(i)
(iif)

the maps
B:G—- G, B(9):=R_(Jlg); C:G*=G*, C(u):=J "(R_u)

are RB operators on G and G*. Note that B}, + Cxe = —id.

(Gsg, Jxmg=,B) is a RB Poisson Lie group.

J: (G*,mg*,C) = (G, Jumg*,B) is an isomorphism of RB Poisson Lie
groups.

Two RB Poisson Lie groups: (G,7q,B = R_oJ™ 1), (G, Jumg+,B).
In general, it is not clear how to make G a Poisson Lie group. Let
G = SL(n,C) be the Poisson Lie group with dual

SL(n,C)* = {(nth,h *n_);ny € Ny,h € H} = By xy B_,
Due to the fact the Gauss decomposition has restrictions,
SL(n,C)* — SL(n,C), (by,b_) = byrb !,

is a local Poisson diffeomorphism.
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RB operators on the double of factorizable Poisson Lie
groups

Let (G, m,J) be a factorizable Poisson Lie group. Then we have a Lie group
isomorphism from the double Lie group D = G* 1 G to the direct product Lie
group G X G:

GG L GxG, — U(ug)=(Re(u)g,R_(v)g), YucG* geaG.

Later, we will make ¥ an isomorphism of RB Poisson Lie groups.
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Theorem (Lang-Sheng)

Let (G, m,J) be a factorizable Poisson Lie group and G* be the dual Poisson Lie
group. Then there is a unique RB operator B on the double D = G* <1 G s.t.

B(u,1) =C(u),  B(l,9)=B(g), VueG*geQq,

and ¥ is an isomorphism of RB Lie groups

GG -2 >axa

@l LM.

GG —>GxG

Moreover, (G* <1 G, 7p,B) is a RB Poisson Lie group.

.
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Let (G, m,J) be a factorizable Poisson Lie group, there is a unique Poisson
structure Tgx g on G x G making (G x G, Taxa,B X B) with B=R_oJ ! a
RB Poisson Lie group s.t. ¥ is an isomorphism of RB Poisson Lie groups.
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Let (G, m,J) be a factorizable Poisson Lie group, there is a unique Poisson
structure Tgx g on G x G making (G x G, Taxa,B X B) with B=R_oJ ! a
RB Poisson Lie group s.t. ¥ is an isomorphism of RB Poisson Lie groups.

.

The RB Lie bialgebra (g & g,g9* > g*, B X B) of the above RB Poisson Lie group
is as follows: B =r_ oI~ and the Lie bracket on g* > g* is

[glafi]g*mg* = _[glvfﬂy
[&agé]g*lxlg* = _[5216é}>
[€1,82]gmpagx = (ady ¢ &1,—ady ¢ &2),

for (€1,62), (£1,&5) € g* > g*.

v

The Poisson structure mgx ¢ is quite interesting and it is a mixed product Poisson
structure.
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Poisson structure: mgxa
Let {z;}?_, be a basis of g s.t. {z;}*_; (k <n) is a basis of Imr; and let {&}7 ,

be the dual basis of g*. We have

k
raxa = (—7e, —m6) + 3 (78, 0) A (0,5) + (148, 0) A (0, 7)),

i=1
where 7 = % — 7. This Poisson structure has properties as follows:
@ (G X G,mgx@q) is also factorizable with
3 _i® @) ®2 _
Taxg =1 =r, P e (a0 9) = (000) @ (9D 0)-

n

r® = (1)1 — (N2 = > ()1 A (@),

i=1
where if r =3, 2, @ y; € g®2, define 2! = > ¥i N ®x; and for
X € g®m(m = 1,2), the notation (X); € (g ® g)®™ means the image of X

under the embedding of g in g @ g as the j-th summand;
TGgx G 1s a mixed product Poisson structure on G X G in the sense that the
projections p; : G X G — G are well-defined Poisson structures on G.

@ J-H. Lu and V. Mouquin, Mixed product Poisson structures associated to
Poisson Lie groups and Lie bialgebras, Int. Math. Res. Notices 2017 (2017),

5919-5976.
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Example: Factorizable Poisson Lie group (D, mp)

Let (D = GG*,wp) be the double of a Poisson Lie group (G,ng). Then

(i) the two maps
B:D=GG* - D, (gu)—ul C:D* —» D*, (g,u)—u!

are RB operators on the Poisson Lie groups D and D*.

(ii) the triple (D, *s, Jxwp=) is also a Poisson Lie group with B a RB operator
on it, where (gu) *s (hv) = ghvu. Moreover, the map

J: (D*,mp*,C) = (D, %, Jxmp=,B), (g,u) — gu

defines an isomomorphism of RB Poisson Lie groups.
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Thanks for your attention!
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