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Definitions of Novikov algebras and right Novikov algebras

A Novikov algebra is a vector space A with a binary operation
o satisfying

(aob)oc—ao(boc) = (boa)oc—bo(aocc),
(aob)oc = (aoc)ob, ab,cecA

A right Novikov algebra is a vector space A with a binary
operation ¢ satisfying

(aob)oc—ao(boc)=(acc)ob—ao(cob),
ao(boc)=bo(acc), ab,ceA
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algebra.
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@ (A, o) is a Novikov algebra if and only if its opposite (A, ¢)
defined by ao b:= bo aforall a,b € Ais a right Novikov
algebra.

@ Novikov algebras were introduced in connection with
Hamiltonian operators in the formal variational calculus |.
Gel’'fand, I. Dorfman, 1979 and Poisson brackets of
hydrodynamic type A. Balinsky, S. Novikov, 1985.

@ There is also a correspondence between Novikov algebras
and a class of Lie conformal algebras X. Xu, 2000, which
was introduced by V. Kac to give an axiomatic description
of the singular part of operator product expansion (or
rather its Fourier transform) of chiral fields in conformal
field theory.




Definitions and motivations

A natural construction of Novikov algebras

Let (A, -) be a commutative associative algebra and D be a
derivation. Then the binary operation

aob:=a-D(b), a,beA, (1)
defines a Novikov algebra (A, o). The binary operation

aocb:=D(a)-b, abecA

defines a right Novikov algebra (A, ©).
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A natural construction of Novikov algebras

Let (A, -) be a commutative associative algebra and D be a
derivation. Then the binary operation

aob:=a-D(b), a,beA, (1)
defines a Novikov algebra (A, o). The binary operation

aocb:=D(a)-b, abecA

defines a right Novikov algebra (A, ©).

A special example

Equip the Laurent polynomial algebra K[t, t~'] with the natural
derivation D := &. Then (B = k[t, t"], ) is a right Novikov
algebra with ¢ given by

tot =D =it ije. )
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Novikov algebra affinization

Let A be a vector space with a binary operation o. Define a
binary operation on A[t, 1] := A® k[t,t~1] by

[at', bt] = i(ao )t —j(boa)tt ™!, abeAije,

where at' := a® t'. Then (A[t,t~'],[-,-]) is a Lie algebra if and
only if (A, o) is a Novikov algebra.
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Construction of Lie algebras from Novikov algebras and right

Novikov algebras

Let (A, o) be a Novikov algebra and (B, <) be a Z-graded right
Novikov algebra. Define a binary operation on A® B by

[a1 @ bj,aa @byl =ajoca®@byoby —axoa; ®byo by,

forall aj,a € Aand by,b, € B. Then (A® B, [,]) is a
Z-graded Lie algebra, called the induced Lie algebra (from
(A,0) and (B, ¢)). Further, if (B, o) = (K[t, t~'],¢) is the
Z-graded right Novikov algebra defined by Eq. (2) , then
(A® B, [-,]) is a Z-graded Lie algebra if and only if (A, o) is a
Novikov algebra.
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Definition of Lie bialgebras

A Lie bialgebra is a triple (L, -, ], d) such that (L, [-,-]) is a Lie
algebra, (L,0) is a Lie coalgebra, and the following compatibility
condition holds.

d([a, b]) = a.6(b) — b.d(a), a,be L.

where a.j(b) := Z(b)([a, b(1)] ® b(g) + b(1) ® [a, b(g)]), if
6(b) = > (b) b1y ® be2).
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Definition of Lie bialgebras

A Lie bialgebra is a triple (L, [, -], §) such that (L, [-,-]) is a Lie
algebra, (L,0) is a Lie coalgebra, and the following compatibility
condition holds.

d([a, b]) = a.6(b) — b.d(a), a,be L.

where a.é(b) = Z(b)([a, b(1)] (%9 b(g) + b(1) ® [a, b(g)]), if
6(b) = > (b) b1y ® be2).

Introduced by V. Drinfel'd in his study of Hamiltonian mechanics
and Poisson-Lie groups, the Lie bialgebra is the classical limit
of a quantized universal enveloping algebra.
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to a Manin triple (L & L*, L, L*) of Lie algebras V. Chari, A.
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Some facts on (finite-dimensional) Lie bialgebras

@ A finite-dimensional Lie bialgebra (L, [, -], §) is equivalent
to a Manin triple (L & L*, L, L*) of Lie algebras V. Chari, A.
Pressley, 1994.

@ Let(L,[-,-]) bealLiealgebra,and r =5 X, ® Yy, € L® L.
Then the following equation

[r12, 3] + [r12, re3] + [113, r23]

D ([Xa, X8] ® Yo ® Yo + Xor ® [Ya, X5] © V3 + Xa ® X5 ® [V, ]
a,f
= O7

is called the classical Yang-Baxter equation (CYBE) in
L.

Note that a skewsymmetric solution r of CYBE in L can
produce a Lie bialgebra (L, [-, ], §) where §(a) = a.r for all

ys])

ac L V. Chari, A. Pressley, 1994.
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Some facts on (finite-dimensional) Lie bialgebras

@ Let (L,[-,]) be a Lie algebra and (V, p) be a representation
of (L,[,-]). Alinearmap T : V — Lis called an
O-operator or a relative Rota-Baxter operator on
(L, [-,-]) associated to (V, p) if T satisfies

[T(u), T(V)] = T(p(T(u))v — p(T(V))u), u,veV.

Let L be finite-dimensional and T : V — L be a linear map
which is identified with

rreL® V*C(Lxy V¥)® (Lx, V*)through
Homg(V,L) = L® V*. Then r = rr — 7rr is a solution of
the CYBE in the semi-direct product Lie algebra

(L xp« V*,[-,-]) if and only if T is an O-operator on (L, [-,-])
associated to (V, p) C. Bai, 2007.
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Some facts on (finite-dimensional) Lie bialgebras

@ Let (A, o) be a finite-dimensional pre-Lie algebra. Then
(A, L) is a representation of the sub-adjacent Lie algebra
g(A). Moreover, the identity map is an O-operator on g(A)
associated to (A, L) C. Bai, 2007.
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Some facts on (finite-dimensional) Lie bialgebras

@ Let (A, o) be a finite-dimensional pre-Lie algebra. Then
(A, L) is a representation of the sub-adjacent Lie algebra
g(A). Moreover, the identity map is an O-operator on g(A)
associated to (A, L) C. Bai, 2007.

@ In summary, in the finite-dimensional case, we have the
following diagram.

pre-Lie O-operators solutions Lie Manin triples
algebras on Lie algebras of CYBE bialgebras of Lie algebras
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Natural questions

@ Note that the theory of Lie bialgebras has been well
developed. Can we use the definition of Lie bialgebras and
Novikov algebra affinization to obtain a definition of
Novikov bialgebras? If so, does there exist a similar theory
for Novikov bialgebras as Lie bialgebra theory?
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Natural questions

@ Note that the theory of Lie bialgebras has been well
developed. Can we use the definition of Lie bialgebras and
Novikov algebra affinization to obtain a definition of
Novikov bialgebras? If so, does there exist a similar theory
for Novikov bialgebras as Lie bialgebra theory?

@ Can we lift the general construction above to the context of
bialgebras?
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@ In this talk, we always assume that k is a field of
characteristic 0, (A, o) is finite-dimensional and each B; in
(B = @jezBj, ©) is finite-dimensional.
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@ In this talk, we always assume that k is a field of
characteristic 0, (A, o) is finite-dimensional and each B; in
(B = @jezBj, ©) is finite-dimensional.

@ These results on Novikov bialgebras and
infinite-dimensional Lie bialgebras can be found in
Yanyong, Hong, Chengming, Bai, Li, Guo,
Infinite-dimensional Lie bialgebras via affinization of
Novikov bialgebras and Koszul duality. Comm. Math.
Phys. 401 (2023), 2011-2049.
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Definition of Novikov coalgebras

A Novikov coalgebra is a vector space A with a linear map
A:A— A® Asuch that

(id® A)A(a) — (r ®id)(id ® A)A(a)
= (A®id)A(a) - (r ®id)(A ®id)A(a),
(r®id)(id ® A)TA(a) = (A ®id)A(a), a€ A.
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Definition of Novikov coalgebras

A Novikov coalgebra is a vector space A with a linear map
A:A— A® Asuch that

(id® A)A(a) — (r ®id)(id ® A)A(a)
= (A®id)A(a) — (r ®id)(A ®id)A(a),
(r®id)(id ® A)TA(a) = (A ®id)A(a), a€ A.

—_ o~

LetA: A— A® Abe alinear map and - : A* ® A* — A* be the
corresponding binary operation on A*. The pair (A, A) is a
Novikov coalgebra if and only if (A*,-) is a Novikov algebra.




Novikov bialgebras and infinite-dimensional Lie bialgebras

Next step

We need to give a construction of Lie coalgebras from Novikov
coalgebras and right Novikov coalgebras, in particular the
Novikov coalgebra affinization. Therefore the first step is to find
a coalgebra structure on the space of Laurent polynomials
whose graded linear dual is the right Novikov algebra of
Laurent polynomials.




Novikov bialgebras and infinite-dimensional Lie bialgebras

An observation

Let C = k[x,x~ '] be the Z-graded (by degree) space of Laurent
polynomials and let A = K[t,t~] be the graded linear dual.
Then the right Novikov algebra product ¢ on A cannot be the
induced product from the graded linear dual of any coproduct
§:C—-C®C.




Novikov bialgebras and infinite-dimensional Lie bialgebras

An observation

Let C = k[x,x~ '] be the Z-graded (by degree) space of Laurent
polynomials and let A = K[t,t~] be the graded linear dual.
Then the right Novikov algebra product ¢ on A cannot be the
induced product from the graded linear dual of any coproduct
§:C—-C®C.

Proof

Suppose that such a coproduct ¢ exists. Denote

d(x")= > cpgxP ® x9. Then the graded linear duality
P.qEZ o

(x', /) = 6; gives the duality (5(x'), ! ® tK) = (x', t/ o t*),

yleldlng Cik = 5i—j—k+1,0j- Thus

S(xX) = Y. ipgropx’exI=> pxPex P
i—p—g+1=0 pez

This is an infinite sum and so cannot be defined by
0:C—Cw®C.
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Let C = @®jezCj and D = @jczD; be Z-graded vector spaces.
We call the completed tensor product of C and D to be the
vector space
ceD:= [ Gi®D;
ijeZ
If C and D are finite-dimensional, then C®D is just the usual
tensor product C ® D.
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Definition of completed right Novikov coalgebras

A completed right Novikov coalgebra is a pair (C, A) where
C = ®;c;C; is a Z-graded vector space and A : C — CoCis a
linear map satisfying

(ARId)A(a) — (id®7)(ARid)A(a)
= (id®A)A(a) — (1d®7)(i[dRA)A(a),
([d®A)A(a) = (TRid)(id®A)A(a), ac C.
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Definition of completed right Novikov coalgebras

A completed right Novikov coalgebra is a pair (C, A) where
C = ®;c;C; is a Z-graded vector space and A : C — CoCis a
linear map satisfying

(ARId)A(a) — (id®7)(ARid)A(a)

= (id®A)A(a) — (1d®7)(i[dRA)A(a),
([d®A)A(a) = (TRid)(id®A)A(a), ac C.

Completed right Novikov coalgebras on K[t, t~]
On the vector space B := K[t, t~'], define a linear map
Ag: B — B®B by
Ag(t) =) (i+ N2t jez (3)
i€Z

One can directly check that (B = K[t, t~'], Ag) is a completed
right Novikov coalgebra.
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Definition of completed Lie coalgebras

A completed Lie coalgebra is a pair (L,0), where L = @jczL,;
is a Z-graded vector space and 6 : L — L®L is a linear map
satisfying

é(a) = —7é(a), 4)
(id®6)d(a) — (T®id)(id®d)d(a) = (s®id)s(a), ac< L. (5)
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Theorem 1

Let (A, A4) be a Novikov coalgebra, (B, Ag) be a completed
right Novikov coalgebra and L := A ® B. Define the linear map
§:L— L®Lby

d(a® b) = (id; 5, —7)(Aa(a) e Ag(b)), ac A beB. (6

Here for Aa(a) = 3_ 5 a(1) ® a(2) in the Sweedler notation and
Ap(b) =3} o bria @ boja, We set

Aa( =" (am) @ biia) ® (a2) @ boja). (7

(a) i,

Then (L, ) is a completed Lie coalgebra. Furthermore, if
(B = K[t, t7'], Ag) is the completed right Novikov coalgebra
given as above, then (L = A® B, ) is a completed Lie
coalgebra if and only if (A, A,p) is a Novikov coalgebra.
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Definition of quadratic Z-graded right Novikov algebras

A bilinear form (-, ) on a Z-graded vector space B = ®;c; B is
called graded if there exists some m € Z such that

(B;,Bj)) =0 foralli, e Z satisfying i + j + m # 0.

A graded bilinear form on a Z-graded right Novikov algebra
(B = ®jezBj, ©) is called invariant if it satisfies

(aob,c)=—(a,boc+cob), ab,ceB. (8)

A quadratic Z-graded right Novikov algebra, denoted by

(B = ®jezBi, ¢, (+,)), is a Z-graded right Novikov algebra (B, ¢)
together with a symmetric invariant nondegenerate graded
bilinear form (-, ). In particular, when B = By, it is simply called
a quadratic right Novikov algebra.
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Example

Let (B = @;czkt', o) be the Z-graded right Novikov algebra.
Define a bilinear form (-, -) on B by

(t',¥) = biyjr10, ij €2 9

It is directly checked that (B = K[t,t~'],, (-, -)) is a quadratic
Z-graded right Novikov algebra.
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Lemma 1

Let (B = ®jczB;, ¢, (+,-)) be a quadratic Z-graded right Novikov
algebra. Let Ag : B — B®B be the dual of o under (-, -), so that

(Ag(a),b®c)=(aboc), ab,ceB. (10)

Then (B, Ag) is a completed right Novikov coalgebra.
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Definition of completed Lie bialgebras

A completed Lie bialgebra is a triple (L, [-, -], 9) such that
(L, [-,-]) is a Lie algebra, (L, 0) is a completed Lie coalgebra,
and the following compatibility condition holds.

5([a, b]) = (ada®id + id®ad,)d(b) — (adp®id + id®adp)d(a), a,bE L,

where ad,(b) = [a, b] for all a,b € L.
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Definition of completed Lie bialgebras

A completed Lie bialgebra is a triple (L, [-, -], 9) such that
(L, [-,-]) is a Lie algebra, (L, 0) is a completed Lie coalgebra,
and the following compatibility condition holds.

5([a, b]) = (ada®id + id®ad,)d(b) — (adp®id + id®adp)d(a), a,bE L,

where ad,(b) = [a, b] for all a,b € L.

Let (A, o) be a Novikov algebra. Define another binary
operation xon Aby axb=aob+ boaforall abec A Let La,
R4 : A — Endg(A) be the linear maps defined respectively by

La(a)(b) :=aob, Ra(a)(b):=boa, a beA

Define Ly, : A — Endy(A) by La, = La + Ra.
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Definition of Novikov bialgebras

A Novikov bialgebra is a tripe (A, o, A) where (A, o) is a
Novikov algebra and (A, A) is a Novikov coalgebra such that,
for all a, b € A, the following conditions are satisfied.

A(ao b) = (Ra(b) ® id)A(a) + (id ® La.,(a))(A(b) + rA(b)),
(La.(a) ®id)A(b) — (id @ La(a))rA(b)

(Lax(b) ®id)A(a) — (id ® La.(b))TA(a),
(id ® Ra(a) — Ra(a) ® id)(A(b) + TA(D))
(id ® Ra(b) — Ra(b) ® id)(A(a) + TA(a)).
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Theorem 2

Let (A, o, Ap) be a Novikov bialgebra and (B = @<z B, ¢, (+,-))
be a quadratic Z-graded right Novikov algebra. Let L= A® B
be the induced Lie algebra from (A, o) and (B, ¢),

Ag : B — B®B be the linear map defined by Eq. (10), and

§ : L — L®L be the linear map defined by:

S(a® b) = (id,z, —7)(Aa(a) e Ap(b)), acAbeB.

Then (L,[,], ) is a completed Lie bialgebra. Further, if
(B,o,(-,-)) = (K[t, t"],,(-,-)) is the quadratic Z-graded right
Novikov algebra, then the converse also holds.




Novikov bialgebras and infinite-dimensional Lie bialgebras
Example

Let (A, o) be the 2-dimensional Novikov algebra with a basis
{e1, e2} whose multiplication is given by

€106 =61, €06 =6, € ox=606 =0
Define Ap: A— A® Aby
AA(61) :)\62®92, AA(eg) :0,

for a fixed A € k. Then it is direct to verify that (A, o, Ay) is a
Novikov bialgebra. Then by Theorem 2, there is a completed
Lie bialgebra (L= A® B, [-, -], ) given by

o1t &1t = (i — en ™71, [ert!, eptl] = —jent ™I ~1,
[eot', e2t] =0, i,j € Z,

s(ert) =) A(j+2i+2)ext P @ et 5(ext) =0, jEZ.
i€Z




Characterizations of Novikov bialgebras and




Characterizations of Novikov bialgebras and

Definition of representations of a Novikov algebra

A representation of a Novikov algebra (A, o) is a triple
(V,la,ra), where V is a vector space and I, ra : A — Endg(V)
are linear maps satisfying

la(aob—boa)v=Ixa)la(b)v—la(b)la(a)v,
la(@)ra(b)v — ra(b)la(@)v = ra(ao b)v — ra(b)ra(a)v,
la(@o b)v = ra(b)la(a)v,

ra(a)ra(b)v = ra(b)ra(a)v, a,be A,ve V.
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Definition of representations of a Novikov algebra

A representation of a Novikov algebra (A, o) is a triple
(V,la,ra), where V is a vector space and I, ra : A — Endg(V)
are linear maps satisfying

la(aob—boa)v=Ixa)la(b)v—la(b)la(a)v,
la(@)ra(b)v — ra(b)la(@)v = ra(ao b)v — ra(b)ra(a)v,
la(@o b)v = ra(b)la(a)v,

ra(a)ra(b)v = ra(b)ra(a)v, a,be A,ve V.

Note that (A, La, Ra) is a representation of (A, o), called the
adjoint representation of (A, o).
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Proposition 1

Let (A, o) be a Novikov algebra. Let V be a vector space and
la,ra : A — Endg(V) be linear maps. Define a binary operation
eon A V by

(a+u)e(b+vVv):=aob+ la(a)v+ra(b)u, a,becAu,velV.
Then (V, Ia, ra) is a representation of (A, o) if and only if

(A& V,e) is a Novikov algebra, called the semi-direct product
of Aby V and denoted by A x, ,, V or simply Ax V.




Characterizations of Novikov bialgebras and

Proposition 1

Let (A, o) be a Novikov algebra. Let V be a vector space and
la,ra : A — Endg(V) be linear maps. Define a binary operation
eon A V by

(a+u)e(b+vVv):=aob+ la(a)v+ra(b)u, a,becAu,velV.

Then (V, Ia, ra) is a representation of (A, o) if and only if
(A& V,e) is a Novikov algebra, called the semi-direct product
of Aby V and denoted by A x, ,, V or simply Ax V.

V.

Let (A, o) be a Novikov algebra and V be a vector space. For a
linear map ¢ : A — Endg( V), define a linear map
©* : A — Endg(V*) by

(" (@)f,v) = —(f,p(a)v), ac A fec V', velV,

where (-, ) is the usual pairing between V and V*.
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Proposition 2

Let (A, o) be a Novikov algebra and (V/, I4,rs) be a
representation of (A, o). Then (V*,1; 4+ r;,—r;) is a
representation of (A, o).




Characterizations of Novikov bialgebras and

Proposition 2

Let (A, o) be a Novikov algebra and (V/, I4,rs) be a
representation of (A, o). Then (V*,1; 4+ r;,—r;) is a
representation of (A, o).

The adjoint representation of a Novikov algebra (A, o) gives the
representation (A*, L, + Ry, —R3).
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Definition of quadratic Novikov algebras

Let (A, o) be a Novikov algebra. A bilinear form B(-,-) on Ais
called invariant if it satisfies

B(aob,c) = —-B(b,ax*c), (11)

A quadratic Novikov algebra, denoted by (A, o, B(-,-)), is a
Novikov algebra (A, o) together with a nondegenerate
symmetric invariant bilinear form 5(-, -).
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Definition of Manin triples of Novikov algebras

A (standard) Manin triple of Novikov algebras is a triple of
Novikov algebras (A = Ay @ A7, (Ay,0), (A7, -)) for which
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Definition of Manin triples of Novikov algebras

A (standard) Manin triple of Novikov algebras is a triple of
Novikov algebras (A = Ay @ A7, (Ay,0), (A7, -)) for which

@ as a vector space, A is the direct sum of A; and A%;
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Definition of Manin triples of Novikov algebras

A (standard) Manin triple of Novikov algebras is a triple of
Novikov algebras (A = Ay @ A7, (Ay,0), (A7, -)) for which

@ as a vector space, A is the direct sum of A; and A%;
@ (Aj,0) and (A, -) are Novikov subalgebras of A;




Characterizations of Novikov bialgebras and

Definition of Manin triples of Novikov algebras

A (standard) Manin triple of Novikov algebras is a triple of
Novikov algebras (A = Ay @ A7, (Ay,0), (A7, -)) for which

@ as a vector space, A is the direct sum of A; and A%;
@ (Aj,0) and (A, -) are Novikov subalgebras of A;
© the bilinear form on A = Ay & A} defined by

Bla+f,b+g):=(f,b)+(g,a), a be Ay, f, ge Aj,(12

~

is invariant.
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Theorem 3

Let (A, o) be a Novikov algebra and (A, A) a Novikov coalgebra.
Let - denote the multiplication on the dual space A* induced by
A. Then the following conditions are equivalent.
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Theorem 3

Let (A, o) be a Novikov algebra and (A, A) a Novikov coalgebra.
Let - denote the multiplication on the dual space A* induced by
A. Then the following conditions are equivalent.

@ There is a Manin triple (A @ A*, (A, o), (A%, -)) of Novikov
algebras;
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Theorem 3

Let (A, o) be a Novikov algebra and (A, A) a Novikov coalgebra.
Let - denote the multiplication on the dual space A* induced by
A. Then the following conditions are equivalent.

@ There is a Manin triple (A @ A*, (A, o), (A%, -)) of Novikov
algebras;

Q@ (A, 0,A)is a Novikov bialgebra.
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Definition of Novikov Yang-Baxter equation

Let (A, o) be a Novikov algebraand r =" X, ® ¥ € AR A.
The equation

ror:=1rszofls+ Ho*r3+ NM30/MNo

= D (Xa®X3® Yoo Y5+ Xa ® Yo * X3 ® Y5 + Xa © X3 ® Y3 ® V)
a7ﬁ
=0

is called the Novikov Yang-Baxter equation (NYBE) in A.




Characterizations of Novikov bialgebras and

Theorem 4

Let (A, o) be a Novikov algebraand r ¢ A Abe a
skewsymmetric solution of the NYBE in A. Define
A A— AR Aby

Ar(a) = (La(a)@id+id® La,(a))r, ac A

Then (A, o, A,) is a Novikov bialgebra.




Characterizations of Novikov bialgebras and

For a finite-dimensional vector space A, the isomorphism
A® A= Homg(A",K) ® A= Homg(A", A)

identifies an r € A ® A with a map from A* to A which we
denote by T".




Characterizations of Novikov bialgebras and

For a finite-dimensional vector space A, the isomorphism
A® A= Homg(A",K) ® A= Homg(A", A)

identifies an r € A ® A with a map from A* to A which we
denote by T".

Theorem 5

Let (A, o) be a Novikov algebra and r ¢ A® A be
skewsymmetric. Then r is a solution of the NYBE in (A, o) if
and only if T" satisfies

T'(f) o T'(9) = T"(La,(T"()g) — T(Ra(T"(9))f), f. g€ A"




Characterizations of Novikov bialgebras and

Definition of O-operators

Let (A, o) be a Novikov algebra and (V, I4,r4) be a
representation. A linearmap T : V — Ais called an
O-operator on (A, o) associated to (V, Ia, ra) if T satisfies

T(u)oT(v)=T(a(T(u))v)+ T(ra(T(v))u), u, veV.




Characterizations of Novikov bialgebras and

Definition of O-operators

Let (A, o) be a Novikov algebra and (V, /4, ra) be a
representation. A linearmap T : V — Ais called an
O-operator on (A, o) associated to (V, Ia, ra) if T satisfies

T(u)oT(v)=T(a(T(u))v)+ T(ra(T(v))u), u, veV.

Theorem 6

Let (A, o) be a Novikov algebra and (V, Ia, ra) be a
representation. Let T : V — A be a linear map which is
identified with

T € A (29 Vv* Q (A D(/ZJF,-Z’,,-Z V*) (29 (A D(/ZJF,«Z’,,«Z V*) thrOUgh
Homg(V,A) 2 A® V*. Then r = ri — 7r7 is a solution of the
NYBE in the Novikov algebra (A X fs4rz,—rk V* e)ifand only if T
is an O-operator on (A, o) associated to (V, I, ra).




Characterizations of Novikov bialgebras and

Definition of pre-Novikov algebras

A pre-Novikov algebra is a triple (A, <, >), where A is a vector
space, and < and > are binary operations such that

X>(yoz2)=xoy+x<y)pz+yns> (x> 2)
—(yox+y<x)o z,
X>(y<z)=(xpy)dz4+y<a(x<z+x>2)—(y<x) <z,
(xX<y+xpoy)pz=(x>2)Qy,
(x<y)<z=(x<z)dy, X,¥y,Z€ A




Characterizations of Novikov bialgebras and

A construction of pre-Novikov algebras

Recall that a Zinbiel algebra (A, -) is a vector space A with a
binary operation - : A® A — A satisfying

a-(b-cy=(b-a-c+(a-b)-c, ab,ceA

For a derivation D on a Zinbiel algebra (A, -), define binary
operations <and>: A® A— Aby

a<b:=D(b)-a arxb:=a-D(b), abecA.

A direct check shows that (A, <, >) is a pre-Novikov algebra.




Characterizations of Novikov bialgebras and

For a pre-Novikov algebra (A, <, ), define linear maps
L|>, H< . A = Endk(A) by

L.(a)(b):=ax>b, R4(a)b):=b<a, abcA




Characterizations of Novikov bialgebras and

For a pre-Novikov algebra (A, <, ), define linear maps
L|>, R< . A = Endk(A) by

L.(a)(b):=ax>b, R4(a)b):=b<a, abcA

Proposition 3
Let (A, <, >) be a pre-Novikov algebra. The binary operation

0:ARA— A, Xoy:=Xx<Ay+x>y, X,y €A, (13)

defines a Novikov algebra, which is called the associated
Novikov algebra of (A, <, >). Moreover, (A, L., R.) is a
representation of (A, o) and the identity map is an O-operator
on (A, o) associated to the representation (A, L., R.)..




Characterizations of Novikov bialgebras and

Let (A, <, >) be a pre-Novikov algebra and (A, o) be the
associated Novikov algebra. Then

n
ri=> (6a®6,—6;® 6a), (14)

a=1
is a skewsymmetric solution of the NYBE in the Novikov

algebra Ax - ;g g+ A", where {e,..., ep} is a linear basis of
Aand {ej,..., e} is the dual basis of A*.




aracterizations of Novikov bialgebras and

There is the following diagram.

pre-Novikov O-operators on solutions of Novikov
algebras Novikov algebras NYBE bialgebras







Multi-Novikov algebras

Let r be a positive integerand / = {1,2,--- ,r}. A
multi-Novikov algebra is a vector space A equipped with the
binary operations {o; | i € I} satisfying

(aO,'b)O/'C—aO,'(bOjC)Z(boia)OjC—bO,'(anC),
(@ojb)ojc—aoj(bojc)=(aocjb)ojc—aoc;(bojc),
(aojb)ojc=(aocjc)oib, ab,ccA ijcl




Multi-Novikov algebras

Let r be a positive integerand / = {1,2,--- ,r}. A
multi-Novikov algebra is a vector space A equipped with the
binary operations {o; | i € I} satisfying

(aO,'b)O/'C—aO,'(bOjC)Z(boia)OjC—bO,'(anC),
(@ojb)ojc—aoj(bojc)=(aocjb)ojc—aoc;(bojc),
(aojb)ojc=(aocjc)oib, ab,ccA ijcl

Such structure was introduced by Y. Bruned and V. Dotsenko,
2023 in the study of multi-indices in the context of singular
stochastic partial differential equations.




Definition of generalized multi-Novikov algebras

A generalized multi-Novikov algebra is a vector space A
equipped with binary operations {o; | i € I} satisfying

aO,‘(bOjC)—(aOib)OjCIbOj(aOiC)—(bOja)O,'C, (15)
(aojb)OjC+(anb)O,'C:(aOiC)Ojb—l—(anC)O,'b, (16)

foralla, b,c € Aand i, j € I. We denote it by (A, {o;| i € I}).
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Such structure appeared in the study of Lie conformal algebras
in higher dimensions Y. Hong, 2016.




Definition of generalized multi-Novikov algebras

A generalized multi-Novikov algebra is a vector space A
equipped with binary operations {o; | i € I} satisfying

aO,‘(bOl'C)—(aOib)OjCIbOj(aOiC)—(bOja)O,'C, (15)
(aojb)OjC+(anb)O,'C:(aOiC)Ojb—l—(anC)O,'b, (16)

foralla, b,c € Aand i, j € I. We denote it by (A, {o;| i € I}).

Such structure appeared in the study of Lie conformal algebras
in higher dimensions Y. Hong, 2016.

We also point out that a multi-Novikov algebra is a special
generalized multi-Novikov algebra.




Definition of multi-right Novikov algebras

A multi-right Novikov algebra is a vector space B equipped
with binary operations {¢; | i € I} satisfying

X0i(yojz)—(xoiy)ojz=x0i(Zojy)—(x0j2)0jy, (17)
Xoi(yojz)—(xoiy)ojz=x0;(yoiz)—(xojy)oiz, (18)
xoj(yojz)=yoj(xo;z), (19)

forall x,y,ze Band i, j € Il. We denote itby (B, {¢; | i € I}).




Definition of multi-right Novikov algebras

A multi-right Novikov algebra is a vector space B equipped
with binary operations {¢; | i € I} satisfying
Xoi(yojz)—(xoiy)ojz=xoi(zojy) = (xo;2)oy, (17)
Xoi(yojz)—(xojy)ojz=x0j(yojz)—(xojy)oiz, (18)
xoj(yojz)=yoj(xoiz), (19

forall x,y,ze Band i, j € Il. We denote itby (B, {¢; | i € I}).

Note that (A, {o; | i € I}) is a multi-Novikov algebra if and only if
(A, {oj | i € I}) is a multi-right Novikov algebra where
aojb:=bojaforeachiandall g, b € A




Construction of (generalized) multi-Novikov algebras

Let (A, -) be a commutative associative algebra and D; (i € /)
are pairwise commuting derivations on A. Define

aojb:=a-Djb), abeAicl (20)

Then (A, {o; | i € I}) is a multi-Novikov algebra.




Construction of (generalized) multi-Novikov algebras

Let (A, -) be a commutative associative algebra and D; (i € /)
are pairwise commuting derivations on A. Define

aojb:=a-Djb), abeAicl (20)
Then (A, {o; | i € I}) is a multi-Novikov algebra.

A special example of multi-right Novikov algebras

Let B=K[t,t',--- ,t, t '] be the Laurent polynomial algebra
with r variables. Let D; = a%- be the derivations of B. Then
(B=K[t, 7", b, t7 1], {o; | i € I}) is @ multi-right Novikov
algebra where ¢; is defined by

0

t1m1tg72...tp7r<>it1”1t2”2...tr’7r = 7(t1’771t£72...trf77r).t1’71t£2...tr"r

at,
L RO L Y (Ll




Construction of Lie algebras from generalized multi-Novikov
algebras and multi-right Novikov algebras

Let (A, {o; | i € I}) be a generalized multi-Novikov algebra and
(B, {¢j | i € I}) be a multi-right Novikov algebra. Define a binary
operation on the vector space L = A® B by

.
[a@x,b@y]=) (acib®Xxojy—boja®yox), abecAx,
i—1

Then (L, [-,-]) is a Lie algebra, called the induced Lie algebra
from (A,{o; | i € I}) and (B, {o; | i € I}). In particular, if

(B, {oi|i€l})= (K[t t;7 ', tr, 7], {o; | i € I}) be the
multi-right Novikov algebra given as before, then (L, [-,-]) is a
Lie algebra if and only if (A, {o; | i € I}) is a generalized
multi-Novikov algebra.

y €



Natural questions
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@ Can we develop a bialgebra theory of generalized
multi-Novikov algebras (or multi-Novikov algebras)?
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infinite-dimensional Lie bialgebras?




Natural questions

@ Can we develop a bialgebra theory of generalized
multi-Novikov algebras (or multi-Novikov algebras)?

@ If so, what is the relationship between generalized
multi-Novikov bialgebras (or multi-Novikov bialgebras) and
infinite-dimensional Lie bialgebras?

These works are still ongoing. |




Thank you!




Proposition 4

Let (A, o) be a Novikov algebra and (B = ®jezB;, ¢, (+,+)) be a
quadratic Z-graded right Novikov algebra. Let L = A® B be the
induced Lie algebra. Suppose thatr =3 x,®y, c A® Aisa
skewsymmetric solution of the NYBE in A. Then for a basis {e,}pen
consisting of homogeneous elements of B and its homogeneous dual
basis {f,}pcn associated with the bilinear form (-, -), the tensor
element

=Y (X ®6)®(Ya ®f) € LBL (22)
pen «

is a skewsymmetric completed solution of the CYBE in L.
Furthermore, if the quadratic Z-graded right Novikov algebra is
(Ba <, ('v )) = (k[t7 t71]»<>7 ('v ))’ then

= ZZxat’ ® Yot~ e LIL (23)
i€Z «

is a skewsymmetric completed solution of the CYBE in L if and only if
r is a skewsymmetric solution of the NYBE in A.
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