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Definition: Seifert fibered integral homology sphere (SFIHS)

e r > 3 (the number of the singular fibers),

® pi,---,pr pairwise coprime, P:=[]p;, pj := p%. Let
p1L = p2- - pr be odd.

r
e Choose {qg;}] s.t. (p;,q;)) =1and > p;jq; = 1.
j=1
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Definition: SFIHS

Rational surgery in S? along the following link:

P fa,
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After rational surgery, the resulting 3-manifold (closed, oriented) is
called Seifert fibered integral homology sphere (SFIHS). And

denote it by Z(ph e 7pr)‘
f5] (Example)

° 2(2,3, 5) Poincaré homology sphere

o > (23,7
o D (23,57
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Character variaty - The space of irreducible G-representation of the
fundamental group

Let X be a SFIHS (p1, -+ , py)-
T (X) = <X17"' 7Xr,h ‘ h Center, ijjh_qj7 Xl"'Xr>

Let G be SU(2) or SL(2,C). Consider the character variaties
M(X, G), i.e. the space of of irreducible G-representation of the
fundamental group

M(X, G) := Hom™® (71(X), G) /G — conjugation
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An irreducible G-represention is a homomorphism

pe: 7['1(X) -G
his (—1)P1]
ime;
o
Xj = Sj . int; st

for some {S;}7_; C G with an overall factor in G.
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Proposition (Andersen, Mistegérd)

mo(M(X, SL(2,C)) = £,

where

'SB: ﬁz(fla"',fr)GZ' gjevenforjzz,...7r7

/.
at least 3 of {; satisfy = ¢ 7Z
J
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£2,3,5 = {(17 2, 2)7 (17 274)}

Example: >°(2,3,5), >(2,3,7), >2(2,3,5,7)

£2,3,7 = {(17 2, 2)7 (17 274)7 (17 2, 6)}

L9357 =

(0,2,2,2) | (0,2,2,4) [ (0,2,2,6) | (0,2,4,2) | (0.2,4.4) | (0,2,4.6)
(2222) | (2,2.24) | (2,2,2,6) | (22.4,2) | (2.24.4) | (2.2.4,6)
(1,02.2) | (1,0,2,4) | (1,0,2,6) | (1,04.2) | (1,0,4,4) | (1,0,4,6)
(1,2,0,2) | (1,2,0,4) | (1,2,0,6)

(1,2,2,0) | (1,2.4.,0)

(1,2,2.2) | (1,2,2,4) | (1,2,2,6) | (1.2,4.2) | (1.2.4.4) | (1,2.4.6)
8£2357 = 29.
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Proposition (Andersen, Mistegérd)

mo(M(X, SL(2,C))) = mo(M(X, SU(2))) | |mo(M(X, SL(2,R)))
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Let's enlarge £
h:

9= {(hr, o he) € 27| 0 < by < pj,at least 3 of ; satisfy ¢ 7},
j

Let o; be a switch at i-th position

gi:H—=H
(hl,“’,hr)F—)(hl,“’,Pi—h,‘,”',hr)

and o be the set of all compositions of odd number of o;'s.
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EI2 (Theorem - AHLMSS)

m(M(X,5U(2))) = 5" = {te g| Z S > forall h e o(0)}

Jlj

mo(M(X,SL(2,R))) = £, *% = {re g Z B <1 if exists h € o(0)}
j=1

Yong LI (ZE=4) YMSC-Tsinghua University (F54k 5 AR L)

Asymptotic expansion conjecture for Seifert fibered integral homology sphere via resurgence theory 16 / 37



Seifert fibered integral homology sphere (SFIHS)

00000000000 e00

Example: > (2

,3,5)

235 =1(1,2,2),(1,2,4)} = £, 3(5)-

SL(2,R
’823(5 )_(D

Here, (1,2,2) represents an component of SU(2) character variety

since

0-1(17272) =
09(1,2,2) =
03(1,2,2) =

01 009 00'3(1,2,2) =

Yong LI (48)

(172a2) == 3
(17]-’2) == 5

(1,2,3) = =

(1,1,3) =

4+ 2=

1+2+2_
2 3 5
1+1+2_
2 3 5
1+2 3
2 3 5
1+1+3
2 3 5

47
30
37
30
53
30
43

> 1.
30

> 1,
> 1,

> 1,
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Exmaple: »(2,3,7)

SU SL(2,R
2592 = {(1,2,2),(L.2,4)} . &Y = {(1,2,6)}

Here, (1,2,6) represents an component of SL(2,R) character
variety since

1 1 1 41

01002003(17276):(1’171):>*+*+*_7<]..

2 37 42
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Example - >7(2,3,5,7)

(0222) | (0,2.2.4) [ (0.2.2,6) | (0,2,4,2) | (0,2,4,4) | (0,2,4,6)
(2222) | (2224) | (22.2,6) | (2.2,4.2) | (2,2,4,4) | (2,2,4,6)
(1,0,2.2) | (1,0.2.4) | (1.0,2,6) | (1,0,4.2) | (1,0,4,4) | (1,0,4,6)
(1,2,02) | (1,2,0,4) | (1,2,0,6)

(1,2,2,0) | (1,2.4,0)

(1,2,2.2) | (1.2.2,4) | (1226) | (1,2,42) | (1.2,4,4) | (1,2,4.6)
ECra57 =20, tCoacr =22, €52 =7,
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© Chern-Simons theory and resurgence
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Chern-Simons theory

Let G be SU(2) and m: P — X be a trivial G-bundle. The
Chern-Simons action is

1
SA) =55 /MTr(A A dA + 3A ANAAA) mod Z.
Here A is a gauge connection.

The partition function is
Zk(X) :/ DAe27rikS(A),
Asu(2)

which is also known as Witten-Reshetikhin-Turaev (WRT)
invariant with level k € N*.
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0S
) SA = 0 <= Curvature =0

The solutions of EOM are flat G-connections.

e {Flat G-connections} = { G-representions of 71(X)}

If X is a SFIHS,
{A]| %2 $% = 0} = {trivial representation} L M(X, G).

e CS5(X):={S(A) | Ais solution of gi 0}

If X =>(p1, -, pr) with p;'s prime, then §CS(X) =1+ ﬁESU(Z
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Conjecture: Asymptotic expansion conjecture of WRT invariant

Let M be a closed oriented 3-manifold. For each S € CS(M) there
exists a rational ds € Q and a series Zs € C[[x]]* such that the
WRT invariant of M have the following Poincare asymptotic
expansion for k tending to infinity

Z(M)~ Y RSk Zo(k 1), M)
SeCs(M)

EIE (Theorem - AHLMSS)

This conjecture is correct when M is a SFIHS.
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Gukov-Pei-Putrov-Vafa (GPPV) invariant on SFIHS

e The GPPV invariant is supposed to be the partition function of
SL(2,C) Chern-Simons theory and the expression in the case of

>o(p1,---,pr)is

2
¥(o) = 3" '
Jj>0
where x; is generated by
1 s , ,
G(z) = P — Py H (Z”J —z pj) =(=1) ZXJ‘ZJ-
Jj=1 JjZJjo
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GPPV invariant on SFIHS

Then

Z C(v,s)O(r;v,m°f,2P), q=e&*™'"

v,s>0
v+s<r—3

where C(v,s) are some certain coefficients, and

O(r;v, f,2P) Zn”f eQWi';’T

n>0

with 2P-periodic function f.
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Ralation between GPPV and WRT - Radial limit conjecture

EIE (Theore
For a SFIHS X,

as k even.

EIE (Theorem - AHLMSS)
For a SFIHS X,

lim W(q) = Zu(X)
qg—e k-

as k integer.

Yong LI (ZE=4) YMSC-Tsinghua University (F54k 5 BAREE

Asymptotic expansion conjecture for Seifert fibered integral homology sphere via resurgence theory



Chern-Simons theory and resurgence
0000000 e0000000000

Recall the resurgence property of partial theta series by HLSS

f is even =
O(r;1,f) = L ABO(1;1,f) —i (7> : @(—7’71; 1,f),
f is odd —

O(r;0,f) = E/B(:)(T; 0,f)— (;) 2 @(—7'_1;0,/7‘\).

For v large, we may use the relation between the normal derivative
w.r.t. 7 and the so-called “alien operators”.

d d
Ae— = — +&72) Ag .
& gr <dT+€T > &n
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Resurgence on GPPV

A GPPV invariant ¥(q) for a SFIHS > (p1,--- , p,) satisfies

U (q) — L ~B[Ohtsuki series]
= Z Qus (7’7%) @(—Tﬁl; v, rﬁ)

v,s>0
v+s<r—3
1 —_—
-5 -1
= § : E , Qu,s (T 2) O(=7""sv, m*f Ga@))
LeL, vs>0 e
- — v+s<r—3

where @ is a polynomial, © is a partial theta series, m*f are some
fixed 2P-periodic functions, ® is discrete Fourier transform, and

GE@ is a Hikami set.
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Hikami sets for any h € $

6%:: Z&jhj/ﬁj-f-P [2P] s {Ej::tl}.

o Gh=6LifhH o).
o msfis supported on |_| 6%.

hesH
o mf(n) = Eh: rﬁs\ﬂgﬁ(n)
o nP=m’[4P]ifn,me G%.

n’ o(0)

o (CS(¥) = ~1P [Z] for n € &p
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Example: »(2,3,7)

The GPPV invariant in the case of > (2,3,7) is

‘1/27377(67) 7' 0 f Zf 627?"5187
n>0

where f is a 84-periodic odd function
n | 1|13|29|41 |43 |55 71|83
fn) |1 |(-1]-1|1]|-1]1/|1]-1

The asymptotic behavior of ¥ as 7 goes to 0 is the Ohstuki series

o(r,0,f) Z L( 2nf<2P) ",

n>0
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Example: »(2,3,7)

_1 R

(q) — LBO(r,0,6) = (%) FO(=710,7)
1
T\ 2

- <7>_ (dlg(—fl; 0, fi) + do® (=770, k) + dsO(—71;0, f:ﬁ)

where

13294143 ]55][ 7183 &5527
fl1|-1(-1}1]-1,11]1]-1

=)
—

n|5|19|23|37|47 |61 65|79 &3
Ll 1|11 |-1|-1]|-1]-1

n|11]17 2531535967 ]73]@&307
Bl 11|11l
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Example: »(2,3,7)
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Theorem - AHLMSS

27i
Since GPPV goes to WRT as g goes to roots of unity e & , it is
natural to explain the “Asymptotic Expansion Conjecture” in the
following sense:

lim (¥(q) — L ~B[Ohtsuki series|)

q—e k

= Y Y (k) etk ot )

SU(2)  v,s>0

KE’Q’ v+s<r—3
1
Z &2mikCS(£) Z st< 5) 0"t (0 v, m f‘ a(@)
SU(2 v,s>0
ZEQ 2 u+ss<r 3
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Theorem - AHLMSS

Equivalently, -
0"t (0; v, m*f| o) =0
il

ifr+s<r—3and EEQ,S,L(Q’R).
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Example: »(2,3,7)

lim (¥(q) — LB [Ohtsuki series])

1 7% n.t.
—dy (=) O"(=ki0. 7| 12)

1
1 -2
ds [ — nt (k0 f‘
v () O 0T
=dy(ik)2e 1627k L (0, f 0(122))+d3(ik)%e 2L 0, F| aa)
623’7’ 6 3,’77

Since

Yong LI (Z=4) YMSC-Tsinghua University (i&4k 5 BARELS: AR

Asymptotic expansion conjecture for Seifert fibered integral homology sphere via resurgence theory




Chern-Simons theory and resurgence
0000000000000 000e0

Example: > (2,3,7)

1
- tsuki series])(;

LB »[Ohtsuki serles])(k)
k) e~ 2L (0, F| 2 )+ dy (k) e 2L (0, F|
—

1
Zi(X) ~ [Ohtsuki series|( Z de L (0, f‘ oo ) 2kaS(£)(k)§

2 3,7

as k — +oo0.
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Thanks for your attention!
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