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We start with a first order dynamical system:

o |
I[2:1,2] = / Ai(2) + Ao(2)]dE,  with i—1.2..-.2n.

t1

From which: Fj;27 + E; = (

Fi; = 0;A; —0;A;, and FE; = 0;Ao.



Usual dynamical systems:

Fi-j,-:';j + F, =0 —— rank p(_FE-j) 1S constant
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maximal rank nonmaximal rank

p(Fii) = 2n p(Fij) = 2m < 2n



Degenerate dynamical systems:
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Degenerate dynamical systems:

Fi-ji'j L+ E, =0 —— rank p(Fj;) is NOT constant

There exists degenerate surfaces

Y={zel'|A=0} A(z) = det|Fj;(z)

J. Saavedra. R. Troncoso and .J. Zanell.

J. Math. Phys. 42 (2001) 4383



We can block diagonalize the matrix
U h
—fi 0

iy

A(z) = [fi(2)f2(2) -~ fu(2)]7 > O



Then, as it1s a closed form dF = 0.

n
I — Zfr(gﬂ-r—lfzﬂr) dEZF—l ﬂd;zr
r=1

Therefore, we can decouple our equations
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O = j'ni=—FY2FIE;0,F'/?
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Possible 1n a plethora of interesting physical systems

5 Extentions of GR (Lovelock, Horndeski...)

> Nonlinear Electrodynamics

5 K-essence scalar fields

3 Classical time crystals



Lagrangians with non-canonical kinetic terms

\; Hamiltonians multi-valued in the momenta

Singularities in the dynamical equations 4/
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The simplest system: [ = %qﬁ'ﬁ ;ﬂ:’z - V(o)
ps = B> — Ko,
(38¢° — K)o = —V/(9)

M. Henneaux, C. Teitelboim,
and J. Zanelli
Phys. Rev. 36, 4417 (1987)

A. Shapere and F. Wilczek,
Phys. Rev. Lett. 109, 160402 (2012)



4 2
P = ﬁf}ﬂg — KQ,
(38¢° — K)o = —V'(¢)
\_\’_‘J

M. Henneaux, C. Teitelboim,

and J. Zanelli A. Shapere and F. Wilezek,
Phys. Rev. 36, 4417 (1987) Phys. Rev. Lett. 109, 160402 (2012)



In the first order formalism

: . 30 . o
L = (Bp” — kp)d — H = (Bp® — kp)d r pt 4+ rpt —V(d),

Ap=-V'(¢), A(p—p)=0.
TS AL (380 — k).

—> &= —63pV'(¢d),









Dynamical dimensional reduction in multivalued Hamiltonians

Alexsandre L. Ferreira Junior, Nelson Pinto-Neto, and Jorge Zanelli
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Inflation and late-time accelerated expansion driven by k-essence
degenerate dynamics

Alexsandre L. Ferreira, Jr, Nelson Pinto-Neto, and Jorge Zanelli
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Investigate the quantisation of the toy model:

L = xyr—rury.
H

vy = —Ap.

F. de MNicheli and J. Zanell,
J. Math. Phys. 53 (2012), 102112,



To quantise the system we define de Dirac bracket
1
e, y}' = ——
fle,y)

Through which we have the commutation

1
&L,y = ih—
L



So that we define the operators

r I =
: S
U = —1h—0,
r
- 1

H =vy = —ihv =0,
T



Moreover, we define the weight 1 (.r)

r)|| = / o) |*w( ELL)

] [



A natural choice

w(x) = |Fij| = ||
< V1,9 >= /;ﬂx\apz d

1 0 0
a wi: o (i_, ) =2 E@t (i.. )



First, let = € (0,a)

Ue(r, t) = —— eXp | o (2% — 2ut)

< Hi,d >=< ?;'lr,gt;ﬁ; > Vi, 0 € D(ﬁ)
*(a)p(a) —¢*(07)(07) =0

D0,a)(H) = {L*((0,a), |z|dz) : ¥(a) = €™ (07) # 0}.



The boundary conditions gives us a discrete energy

| 2
B - 2v ﬁ(EnW L) = 4;Tu2ﬁ,n N I;ﬁﬂ._
a? a a
dmvh

En — Eﬂl = AR =

= (n — m)
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With the boundary condition

Y (a”)p(a™) =¥ (07)(07) =¥ (07)d(07) + ¥*(a™)p(a™) = 0



As the Hamiltonian in singular at the origin: (¢, 0) U (0,a™)
So that " (@™ )d(a™) = ¥ (07)s(07)

Y™ (a")p(a™) = ¢7(07)e(07)
The Hilbert 1s spaceisthen H = H_ & H+

{#(x) € L*((a™,0), |z|dz) : p(a™) =€ ¢(07)}

—

{6(x) € L*((0,a™), |z|dz) : ¢(a™) = " ¢(07)}

H_
H+
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The full time dependent solution

> n::m = exp | 2mim(x? — 2ut)(a™) 2],

Uz, t) =

Y ef —_|_— exp |2min(z® — 2ut)(a™) 7|,

p(a,t) = [¥(z,t)*|x



The degeneracy acts as a sink or a source of
probability:

Oip + 0 =0

J = wsgn(x)|¥(r, 1?)|E
o = 2wi(x)|P(r )|



At last

We gave a new, consistent, and interesting interpretation to
systems with multi-valued Hamiltonians.

Investigate the quantum mechanics of the degeneracy.

Investigate systems with infinite degrees of freedom: local
degeneracies, caustics...

Many possible degenerate systems: Non-linear
electrodynamics, Bose-Einstein condensates, alternative
gravities...



Muito obrigado

Thank you
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