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infinite dim geometry finite dim geometry

QFT Math

Typically, one starts with a path integral in quantum field theory

/ &iS/h
£

In good situations (e.g. when supersymmetry exists), the
problematic path integral is localized to a well-defined integral

/ge;S/n:/M(_)

over a finite dim M C £. M is some interesting moduli space.
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Example: Topological QM leads to a path integral on loop space

_ h—0
/ e S = / (curvatures)
Map(St,X) X

Topological nature implies the exact semi-classical limit 7 — 0,
which localizes the path integral to constant loops.

» LHS= the analytic index
» RHS= the topological index

This is the physics “derivation” of Atiyah-Singer Index Theorem
(Alvarez-Gaumé, Friedan-Windey, Witten).
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Witten's “Index Theorem” on loop space

Replace S! by an elliptic curve E:

/ efs/h h—0
Map(E,X)

Intuitively, if we view
Map(E, X) = Map(S*, LX)

as defining a quantum mechanics on LX, then this leads to
Witten's proposal for index of dirac operators on loop space.

We will illustrate a homological algebraic aspect of this in this talk.
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Let us first explain how some notions of homological algebra in
noncommutative geometry arise naturally in quantum field theory.

Hochschild-Kostant-Rosenberg = Renormalization Group Flow
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A: associative algebra. Hochschild chain complex
(Co(A), b) = -+ Co(A) B Cp_r(A) = -+ = C1(A) B Go(A)

where
Cp(A) := AP

The Hochschild differential b is

blag® -+ ®ap) =apa @ - Rap—a®aan @ @ apy+
()P R a ® - ®@ap_1ap+ (—1)Papan ® - - @ ap_1.

N\

Hochschild Homology HHe(A) = Ho(Co(A), b)
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Hochschild-Kostant-Rosenberg (HKR) Theorem

Let A= k[x1,---,xn]. The HKR Theorem says
HHo(A) = Q°*(A) = k[xi][dxi].
It can be realized by an explicit HKR map of chain complexes

o (CO(A)7 b) — (Q.(A)7O)
ap®ar®---®ap— apday A--- Adap

In general, Hochschild chain complex describes the analogue of
differential forms in noncommutative geometry.
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Quantized HKR map

Let us consider the Weyl algebra
W5, = (R[X, p]][h], *) * = Moyal-Weyl product
The canonical quantization condition [x', p/], =  holds.
R, p] & wh, 3 R({0,)
Quantized HKR: there exists a quasi-isomorphism
o' 1 (Go(Wa,), b) = (3, hAA)

where Q3 = R[x, p;, d¥', dp;]. A = Ln is the Lie-derivative w.r.t.
N=>"04A0p.
i

Q: What is an explicit formula of ¢"?
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Algebraic Index Theorem
Given a deformation quantization Aj(M) = (C°(M)[A], ) on a
symplectic manifold (M,w), there exists a unique linear map
Tr: Ap(M) — C((R))
satisfying a normalization condition and the trace property
Tr(fx g) = Tr(g* f).

Then i
Tr(l):/ en/"A(M).
JM

This is the algebraic index theorem which was first formulated by
Fedosov and Nest-Tsygan as the algebraic analogue of
Atiyah-Singer index theorem.

10/31



Topological Quantum Mechanics (TQM)
Consider the locally ringed space
Sor=(S', 0=9%)
We consider the space of maps
@:Se — R
Each ¢ can be described by 2n functions on Sl
=X, X" Py, ,Pp), X' P; € O(Skr) = Q4.

Define the action functional of free TQM

Sly] = Z/S X/ dP;
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For any O € R[x, pj], we define (using ¢ : Sip — R?")
0 0 = O(X',P;) = 0O(t) + 0D (1) dt.

Consider the correlation via configuration space integral

(O @01+ ®Om)1d 0; € R[X, p]

0 1
-/ (0P(0)0P (1) - 0P (2))
to=0<t; <-<tm<1 free

Oo(to)
O1(t1) Om(tm)

Ok(ti)
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Theorem (Gui-L-Xu, CMP 2021)

The correlation map in TQM intertwines

(e G(Ws,) = Q3,(h)
b —  hA =hLlp
B — d2,,

It particular, it gives an explicit formula of quantized HKR map.

Such map can be glued on a symplectic manifold X, leading to
> a trace map on deformation quantized algebra
(Feigin-Felder-Shoikhet formula).
» TQM = algebraic index theorem
(Grady-Li-L, Gui-L-Xu)
» Symplectic orbifolds (L-Peng)

‘Topological Quantum Mechanics proves Algebraic Index!

13/31



2d Chiral CFT and elliptic chiral index
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| 1d TQM

|

2d Chiral CFT

51

>

Associative algebra

Vertex operator algebra

Associative product

\?1*02

N

Operator product expansion

01(2)0

2(w) ~

2

Ol(n 0> W)
(Z W)n+1
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Example: 5y — bc system

The VOA VPA7=b¢ of B~ — bc system is the chiral analogue of
Weyl /Clifford algebra.

B(2)y(w) ~ +reg.  b(z)c(w) ~

+reg..
zZ—w zZ—w

It gives rise to a chiral algebra (in the sense of Beilinson and
Drinfeld) APY=b¢ = VA1=b¢ @, wx on a Riemann surface X = ¥.
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Elliptic chiral homology

» In [Zhu, 1994], Zhu studied the space of genus 1 conformal
block (the O-th elliptic chiral homology) and establish the
modular invariance for certain class of VOA.

» Beilinson and Drinfeld define the chiral homology for general
algebraic curves using the Chevalley-Cousin complex.

> Recently, [Ekeren-Heluani,2018,2021]: an explicit complex
expressing the Oth and 1st elliptic chiral homology.

17/31



Intuitively, the chiral differential in the chiral complex looks like a
2d chiral analogue of the Hochschild differential b.
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Theorem (Gui-L, 2021)
Let E; = C/Z @ Zt. We can construct an explicit map

(=)2d : C(Ep, AN75) = Agq(()

which intertwines the chiral differential d., with hA

018+ @ Onlyyi= | (Os(2)++ Onlz))

En
Ajq are functions on zero modes (=copies of H*(E;, Ok, )).
(—)2q is a quasi-isomorphism. Chiral analogue of HKR.
(O1(z1) - - - On(zn)) is local correlation (via Feynman rules).

f is the regularized integral introduced by [L-Zhou, CMP
2021]. Geometric renormalization method for 2d chiral QFT.

» The BV trace map leads to Witten genus.
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The issue of singular integral and renormalization

We need to understand the integral of local correlators

2,

[0z 0l

Unlike the situation in topological field theory, (O1(z1) - - On(za))
is very singular along diagonals and there is no way to extend it to
certain compactification of Conf,(X).
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Regularized integral (L-Zhou 2020)

Let us first consider the integral of a 2-form w on ¥ with
meromorphic poles of arbitrary orders along a finite subset D C X.
Locally we can write w = L where 7 is smooth 2-form and n € Z.

Zn
We can decompose w into
w=a+9p8

where « is a 2-form with at most logarithmic pole along D, (5 is a
(0, 1)-form with arbitrary order of poles along D, and 0 = dza% is
the holomorphic de Rham. We define the regularized integral

K

This does not depend on the choice of the decomposition.
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The regularized integral can be viewed as a “homological
integration” by the holomorphic de Rham 0

foer= |

The O-operator intertwines the residue

][ (=) = Res(—).
ba
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In general, we can define

Lo=fffe.

This gives a rigorous and intrinsic definition of

(18 © Onlyyi= . (O1(2) - Ol
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Elliptic chiral index (after Douglas-Dijkgraaf)

The partition function of a chiral deformation by a chiral
lagrangian L is given by
<e% f:£> ,
2d

If we quantize the theory on the elliptic curve E,,

. 1 _c 1 i
lim <eh fET£>2d = Try g0~ 2 ehdeE, g=¢&""

T—00

where the operation lim sends
T—r00

almost holomorphic modular forms = quasi-modular forms.

This can be viewed as a chiral algebraic index. The regularized
integral [L-Zhoul] precisely explains 7 — oo.
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Ty

A, At
Theorem (L-Zhou, CMP 2021)

Let ®(zy,--- ,zn; 7) be a meromorphic elliptic function on C" x H
which is holomorphic away from diagonals. Let Ai,--- , A, be n
disjoint A-cycles on E.. Then the regularized integral

f (H 'd22i> (D(217 T 7zn; T) /ies in OH[L] and
: | — mT

i=1

. . n dzz" .
;'L”L]Zn (H im7'> Oz, zim) = Z/ 42o(1) /A dzy(n P21, s 20 T) |
T \i=1 n

gES) At

In particular, fE,, gives a geometric modular completion for

quasi-modular forms arising from A-cycle integrals. Higher order
terms in # can be obtained via holomorphic anomaly equation
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Algebraic Index vs Elliptic Chiral Index

1d TQM 2d Chiral CFT
Associative algebra Vertex operator algebra
Hochschild homology Chiral homology
QME: QME:
(hA + b)(—)14=10 (RA + dep)(—)2g =0

(01 ® -+ ® Op)14 =integrals
on the compactified
configuration spaces of St

Algebraic Index Elliptic Chiral Algebraic Index

(O1® -+ ® Op)ag =regularized
integrals of singular forms on ¥"

Joint work with Zhengping Gui. arXiv:2112.14572 [math.QA]
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Application: Higher genus mirror symmetry

Quantum B-twisted topological string-field theory on general
Calabi-Yau is formulated by Costello-L (2012, 2015, 2016)
generalizing Bershadsky-Cecotti-Ooguri-Vafa's Kodaira-Spencer
gravity on Calabi-Yau 3-folds. We call it

quantum BCOV theory.

It is conjectured to be mirror to higher genus Gromov-Witten
invariants in the holomorphic limit.

It has an extension by coupling with holomorphic Chern-Simons
theory in the large N limit, leading to open-closed BCOV theory.

Ref: [Costello-L, ATMP 2020]
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Quantum BCOV theory on elliptic curves is completely solved (L,

JDG 2023) by the chiral deformation of free chiral boson
V\/<k+2) o ¢)

S= /am&;wz:/nk P

k>0

where

VV(k)(ang) = (8z¢)k + O(h)

are the bosonic realization of the W .-algebra.
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Higher genus mirror symmetry on elliptic curves

» The chiral index of quantum BCOV theory is

wAk+2)
IndBCOV(E ) Tr qLO 24eﬁ I<Z>:0§Ank k+2

» The chiral index coincides with the stationary Gromov-Witten
invariants on the mirror elliptic curve computed by Dijkgraaf
and Okounkov-Pandharipande.

IndBCOV(E,) = (Stationary)&"

In this case, we find [L, JDG 2023]

Quantum Mirror Symmetry=Boson-Fermion Correspondence.
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Available at: https://sili-math.github.io/

Classical Mechanics
and Geometry

‘ Electromagnetism
& Geometry

SiLi

30/31


https://sili-math.github.io/

Thank you!
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